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lUTBODUCTIOF 


Existence problems and enumeration problems are the two 
types of problems that one comes across in the study of combina- 
torial mathematics in general and graph theory in particulsr. 

It may be observed that enumerative graph theory is establishing 
itself as a very important branch of graph theory. The very 
fact that there are three books [28] and [26] and more 

than 600 references (as listed out by D.M. Jackson) written 
on this subject stands as a proof for its fast growing impor- 
tance. 

Chronologically, Cayley [4] initiated research in thcS 
branch of graph theory. His interest was in the problem 
c£ counting of the isomers of saturated hydrocarbons. While 
editing the mathematical works of Hurwitz, Polya came across 
a reference to this problem. As he had suggested some methods 
to problem solvers in [33], he wanted to try these techniCLues 
for this problem . The result is the celebrated theorem of 
Polya [32]. In the meantime Hedfield, who worked as a 
professor of romance languages and later practised as a civil 
engineer, published an outstanding paper [40], [22] and [38]. 

It came to limelight much later. Independently Head proved 
the superposition theorem in [34] and De Bruijn has extended 
Polya’s theorem in [6], [8] and [7]. Harary solved some 
problems using Polya’s theorem [16]. 



XI 


He had sioggosted many open problems xn [17]? [^5] 

and [24]. Poulhes [12] and [13] and Sheehan [1-6] and [47] 
pointed out the interrelationships between the representation 
theory of groups and the theorems of Rcdfield and Polya. 
Harrison [14] made use of Polya' s theorem in the cheory of 
mathematical machines. He refer to [15 J fo^r a very interesting 
discussion of enumerative problems in connection with switching 
theory or threshold logic. Hhite pointed out in [54] and [55] 
the relationship between Redfield theorem and multilinear 
algebra. Williamscxi [56] and [57] made a similar attanpt for 
operator theory and Debrui3n' s theorem. Now quite a good 
number of survey articles are availa.ble in [18]? [23]? [38] 
and [50]. The use of computers for enumerative problems is 
discussed in [39]. In [30] and [1] some results are given. 

It is interesting to note that inspite of the vast number 
of research papers published already ? there are many open 
problems which are challenging and difficult to solve as 
given in [24]. The reason is that each problem requires a new 
technique and a bold approach. 

Elarner [27] and Robinson [42] liave used ihe idea of 
the sum of the cycle indices of the automorphism groups of 
graphs. Another method is to apply the Burnside' s lemma [3] 
or the weighted version as given in [24], In this thesis the 
weighted form is used frequently to solve the problems. 
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Cayley’s identification of saturated hydrocarbons uith 
trees where every vertex has degree 1 or 4 made researchers 
focus their attention on the problem of counting of graphs and 
digro-phs with their partitions. To mention the works of a 
few, Parthasarathy [31], Haro^ry and Palmer [21] and 
Parthasarp.thy and Sridharan [48] paid [53] have found the 
solutions for some problems of tins typo. Following their 
lead, we solve four problems dealing with partitions in the 
first chapter. The results are presented for the pa.rtitions 
of self complementary oriented graphs, self converse digraphs 
and oriented graphs, and tournaments. 

The mmnber of euleriau graphs was obtained by Robinson 
[41] and the more difficult problem of deriving the formula for 
the number of eulerian digra.phs was solved in [51]. In the 
second chapter, we give the number of even digraphs. This 
is followed by the solution of the problem of enumerating 
mixed digraphs whose complement and converse are isomorphic. 

One of the most interesting papers in enumeration is by 
Read [36], Attracted by the method used by him, we extend 
the result for the number of labelled even digraphs in CJhapter 3. 
¥e also count the numbers of labelled k-coloured and strongly 
k-coloured hypergraphs and also labelled even hypergraphs. 

A topic of current interest to researchers is the study of 
hyper graphs. A book by Berge [2j on this subject gives 
detailed results. In [9] also, we find interesting information. 



It 

Klarner and deBruijn in [28] and Harary and Frucht in [11] 
have dealt with this concept. In Chapter 4, we offer solu- 
tions for the prohlens of counting hyper graphs, directed 
hypergraphs, oriented hyporgraphs and self coxaplementery 
hypergrn,phs and dihyp or graphs. 

Enumeration of transitive digraphs is a, very difficult 
problem. It is rela,ted to the problem of finding tno number 
of finite topologies. It is also known that the human brain 
sends the message transitively. Harary et al [10] used computer 
to obtain the number for labelled transitive digraphs. Other 
works in this suboect include [45] and [29]. In Chapter 5, we 
enumerate the number of self complementary transitive digraphs 
and tabulate the values. It is proved that there is only one 
hamiltonian transitive digraph and the uniquesiiess of eulerian 
transitive digraph is established. 
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E1'IUI€BRATI01T ¥ITH PARTITIOFS 

In this chapter we enumerate some classes of digraphs 
with partitions. The method of enumeration has as its hasis 
a weighted version of Burnside's lemma. This lemma states 
that the number of equivalence classes induced by a permuta- 
tion group on a finite set is equal to the average number of 
elements of the finite set fixed by each element of the 
group, 

Harary and Palmer [19] have counted self converse 
digraphs. Sridharan [49] has obtained the formula for the 
oriented cases of self complementary , and self converse digraphs. 
The counting of tournaments is due to Davis [5]. In this 
chapter we enumerate the following classes of digraphs with 
partitions , 

1. Self complementary oriented graphs 

2 . Self convers e d igraphs 

3. Self converse oriented graphs 

4 , T ournament s 
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1,1 Basic Definition 

¥e start with, some basic definitions. 

Definition 1.1 

A digraph is a pair D = (V,E), where V is a nonempty 
finite set of elements called vertices and E is a subset of 
the set of ordered pairs of distinct elements of V, The 

elements of E are called edges of the digraph D. 

If e = (a,b) IS an edge of a digraph then ’a' is adjacent 
to 'b' and 'b' is adjacent from ’a’. 

Definition 1.2 

A digraph is an oriented graph if at the most one of 
(u,v) or (v,u) IS an edge for all distinct elements u and v of 
the vertex set. 

Definition 1,3 

Mixed digraph is a digraph which contains both ordinary 
and directed edges . 

Definition 1.4 

Two digraphs (V,E) and (V,E) are defined to be isomorphic 
if these exists a permutation ir of V such that 
^(tcu, -nv) ; (u,v) e E^ = E. 

Definition 1,5 

If the p vertices of a digraph D are given distinct labels 
then D is a labelled digraph. 

1 2' 3 P 
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Definition 1.6 

Two labelled digraphs D^ and ^2 are considered isomorphic 
if and only if there exists a 1-1 mapping from V(D^) onto 
V(D 2 ) which preserves adjacency and labelling also. 

Definition 1.7 

Suppose (V,E) IS a digraph, and vfeY,* then the indegree 
of V is defined to be rhe number |^u;(u,v)€ E j- 1 , while tho 
out degree of v is defined to be the nmber j|u;(v,u)€ B|j. 

The total degree of v is the sum of these two numbers. 

Definition 1.8 

A digraph is defined to be an isograph if eveiy vertex of 
the digraph has 

indegree = out degree 

Definition 1.9 

A digraph is an Even digraph if the total degree of every 
vertex is even number. 

Definition 1.10 

A tournament is a digraph in which every pair of vertices 
are joined by exactly one edge. 

Definition 1.11 

The converse of the digraph (V,E) is the digraph 
■|'(v,u) : (u,v)€ E j ) . 

A self converse digraph is one which is isomorphic to its 


converse. 
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Definition 1.12 


(V 



The complement of the digraph (V^E) is the digraph 
(u,v) ; u,v6V, u (u,v)^eI). 


A self complementary digraph is one which is isomorphic to 
its complement. 


Definition 1.13 


A digraph is transitive if the presence of two edges 
(u,v) and (u,w) implies that of (u,w). 


Definition 1.14 

A digraph is hamiltonian if it contains a spanning 
directed cycle. 


Definition 1,15 

An Eulerian digraph is a weakly connected isograph. 
Definition 1.16 

The ordered partition of a digraph D is a sequence of 
ordered pairs consisting of the outdegree and the indegree of 
each vertex in nonincreasing order with respect to outdegree. 
Here (n^^, 112 ) means that the corresponding vertex has outdegree 
n^^ and indegree n 2 . For example, ((2,0), (1,1), (0,2)) means 
that D has one vertex with degree (2,0), another with (1,1) and 
the third with (0,2). This is written shortly as (120,11 ,102) 
where ahc denotes that there are a vertices with degree (h,c). 
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Definition 1.17 

A hypergraph H = (VsE) = (E^, '^2^ ..... E^) is a 

family of subsets of a finite nonempty set of ’verti-ceSY. 
The sets s are called edges. 

Definition 1.18 

A directed hyper graph or dihyper graph DH = C7,E) = 

(B^, E 2 » ..... E^) IS a family of ordered subsets of a 

set of vertices y. The sets E^'s are called edges. 

In both the cases we ignore the edges with cardinality 
one since we do not want to consider loops. 

Definition 1,19 

•m 

A hyper graph is oriented if at the most one of the kl 
ordered subsets is an edge for all edges with cardinality k. 

Definition 1.20 

Two hypergraphs and H 2 are isomorphic if there exists 
a one-to-one correspondence a between their vertex sets such 
that 

if ^ '^m} then 

I av^, av 2 , av^, .... ov^^j. is an edge in H 2 . 
Definition 1.21 

The complement H of a hypergraph H is an hypergraph with 
the same vertex set as H and .... "'^k } 

edge in H if and only if it is not an edge in H. 
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A self complementary hypergrapii is one which is isomorphic 
to its complement. 

Definition 1.22 

The complement DH of a directed hyp or graph DH is a 
directed hyper graph with the same vertex set as that of DH and 
an ordered set v^^yV^yV^^ .... ^ an edge in DH if and 

only if •|^v^,V 2 sV^, . . . . v^^ is not an edge in DH. A self- 
complementary directed hypergraph is one which is isomorphic 
to its complement. 

Definition 1,23 

If p vertices of a hyper graph are given distinct labels 
Vi,V 2 ,Vj, .... Vp, then H is a labelled hypergraph. 

Definition 1.24 

The degree of a vertex v £ V of a hypergraph is the 
number of edges of H such that v E^. 

Definition 1.25 

A hyper graph is said to be an Even hyper graph if every 
vertex has even degree. 

Definition 1,26 

A colored hyper graph consists of a hypergraph with a 
vertex set V together tinth an equivalence relation on V, sudh 

i 

that no edge consists of only equivalent vertices, the k- 
equivalence classes are regarded as k-colors and H is called 


k- colored. 
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Definition I.27 

A strong k-colored hyporgrapli consists of a ixypergraph 
with a vertex set Y together with an equivalence relation on 
V such that no edge contains more than 1 equivalent vertex. 

The k-equivalence classes are regarded as k-colors and H is 
strongly k-colorod. 

Definition 1.28 

k“Colored (strongly k-colored) hypergraphs are isomorphic 
if there exists a 1-1 correspondence "between their vertex 
sets which preserves adjacency and colors also. 

Definition 1. ?9 


let Gr he a permutation group with an object set 
Y = -^l, 2 , 5 » .... nj. . An element g€ G is said to have the 
type (j^, J2> J^, .... if there are cycles of length 1, 

J2 cycles of length 2, etc. Then the cycle index of G denoted by 
Z(G) is a polynomial in the variables 3^,82, s^, .... s^ defined 


by 

¥e 


Z(G) = 


g£G 


3l 32 ^3 

S-, s^ s^-^ 


refer to [24] for the definitions and notations not mentioned 


here. 


Weighted version of Burnside's lemma is stated below and 
for the proof and details we refer to the forthcoming book of 
Klamer and deBruijn [28]. 
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Lemma ; (Weighted version of Burnside’s lemma) 

let S denote a. finite set, let G- denote a finite group, 
and let ^ denote a representation of G by permutations of 
S. Then S splits into equivalence classes of G- under repre- 
senta,tion ^ which are denoted by .... 

Eext w define a weight function w(b) defined on S, and let 
denote the average weight of the elements of 
i = l,2,3j ....k,* that is, 

W(S^^b = 7 -ttTi ^ fll (1-^) 

with these definitions and notations, it follows that 

r W(s(^h = ill 2 : wCs) (1.1.2) 

i=l ^ Y € Gr s£S 

X(y)s=s 

In the present context this result reads as follows ; 

The sum of the weights over the equivalence classes of required 
classes of digraphs, namely, self comp lementaiy oriented graphs 
(self converse digraphs, self converse oriented graphs or 
Tournaments) is 

1 £ X w(s) (1.1.3) 

p '. a € S s C S 

^ X(“)s=s 

where 

S = set of all digraphs of the required class (i) or (ii) or 
(iii) or (iv). 
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(i) Self complementary oriented graphs 

(ii) Self converse digraphs 

(ill) 5 elf converse oriented graphs 
(iv) lonrnaments 


If Gr IS a digraph with 3 edges and with bho partition 

^^ 2 ’^ 2 ^ ^^p’^p^s’ ■fclis weight of 

G- IS defined as 


V(G) = (s^,t^) (S2,t2) (s^ t^) (Sp,tp) (1.1.4) 

In the case of self complementary digraphs and tonrnaments 
the number of edges is constant so the term is dropped 
finally , 

¥e can write ( 1 . 1 . 5 ) as 


where 


1 - E 

pi aes^ 


0 (a) 


G(a) = E w(s) 

s€ S 

^ (a)s=s 


1 . 2 Algorithm : 


(1.1.5) 


( 1 . 1 . 6 ) 


The procedure is essentially the same as given in [51] A-nt^ 

[53]. let a €. Sp have k cycles 0 ^, 0 ^, Using the 

notation from the above section C(a) is obtained as the product 
of the contributions from the individual cycles and pairs of 
cycles of a, because such cycles and cycle pairs generate the 
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edges of a digraph. Actually the xreight is a p-tuple but 

for convenience we make it a k-tuple. The individual cycles 

affect only the edges gexierated by tne vertices in and 

the edges generated by the vertex pairs from . In 

deriving the general expression for the contributions we give 

only the i co-ordinate for the degrees of the vertices in 
"fcix 

0 ^ and 1 and j co-ordinates for those of C and C , even 
’fch.ongli toijh. of "tiioin sliould bo 'wor’it'ton sis k-“"bnpl6s viiops flio 
only nonzero entries are the i’*'^ co-ordinato and, i"^^ and i 
3 ^^ co-ordinates respectively. For the present we simply 
denote them by ( 0 ^^) and (C^, 0 ^). These contributions from 
individual cycles and cycle pairs of cc £. are discussed as 
follows. 


¥ei^t contributions i 


Set 

1 (c^) 

(Ci,G2) 

( 0 j_,C^) 

• 

• 

H 

0 

» • • « ( ^ ) 

Set 

2 : 

(O2) 

( 0 ^, 0 ^) 

(02,0^) 

• • • • ( ^2 ^ ^ 

Set 

3 : 


(05) 

( 0 ^, 0 ^) 

• • • • ( p 


Set k i (0^) 

Now 0 (a) is obtained by multiplying these factors. This 
is done as follows. First of a,ll, all subsets within the 


sets are multiplied. Then the contributions from different 
sets are multiplied between themselves. Here multiplication 
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of k-tuples means co-ordinate wise addition. Poxrers of x are 
multiplied in tie usual way. 

1.3 Self Complementary Oriented Grapiis 

As in [49] y any permutation aG S which contributes to 

ir 

self complementary oriented graphs will he of the form 
, Ot 3p 3r 3in 

(1 2 6 10 ....) where j ^ = 0 or 1 . 

(a) Consider a cycle of length L = 4r + 2 xjhere r is an 
integer ^ 0. Without loss of generality* we can take this 
cycle to he of the form (12345 ..... 4r+2). Ue have two-tuples 
for every vertex, one for outdegree and other for indegree. 

¥e consider the odd positions and even positions occupied hy 
the vertices in every cycle of a ^ S^. Under the conditions 
of self complementary oriented graphs, we have 4r qycles which 
pair off into converse cycles, and one self converse cycle. 

Example 1,3.1 

a = (123456) gives rise to 

((12) (23) (34) (45) (56) (61)) ( (21) (32) (43) (54) (65 )(16) ) 

((13) (24) (35) (46) (51) (62)) ((31) (42) (53) (64) (15) (26)) 
((14)(25)(36)(41)(52)(63)). 

We write (a,h : c,d) to denote the out degree and indegree 
of the vertex occupying odd position, outdegree and indegree 
of vertex occupying even position. That is (a,h) denotes 
outdegree and indegree of odd position, and (c,d) denotes the 
the outdegree and indegree of even position. 
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Thus "the con’trihu'fciou from a cycle of length 4i‘+2 is 

[(2,0;0,2) + (0,2;2,0)J^ [(l,l;l,l) + (1,1:1,!)]^ 

s: 1_(1, 0:0,1) + (0, 1:1,0)] (1.3.1) 

(b) let 0^ and 0^ be tifo cycles of lengths = 4a+2 and 
I 2 = 4b+2, let m and d be the least commonmultiple and greatest 
commondivisors of and 1^ respectively. 



In writing the contributions, we adopt the following convention. 

(a- 2 _?b^ : a 2 »b 2 ; • ^ 2 , 12 ) stands for the following 

(ai,bi) denotes the outdegrees and the indegrees of the vertices 
occupying odd position in 0^, (a 2 »b 2 ) gives the outdegrees and 

the indegrees of the vertices occupying the even position in 
(cj^ydj^) means the outdegrees and the indegrees of the vertices 
occupying odd position in G^ and (c 2 ,d 2 ) denotes the outdegrees 
and the indegrees of the vertices occupying even position in G., 
So the contribution for self complementary oriented graphs can be 

written as g 

[(PiyO : 0,p^/ 0,q^ : q^,0) + (0,p^ : p^,0,* q^,0 : 0,q^)]^ 

d 

x[(p^,0 : 0 ,P 3 _,- q 3_,0 : 0,qj^) + (0,p^ r 0,qj_ : q 3 _, 0 )]^ 

( 1 . 3 . 2 ) 



Example 1.3.2 
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(12) (34) gives rise to the following converse pairs. 
((13)(24)) ((31)(42)) 

((14)(23)) ((41)(32)) 

The contribution can be wi-itten as 

[( 1,0 : 0 , 1 ,- 0,1 j 1 , 0 ) + ( 0,1 j 1 , 0 ,- 1,0 ; 0 , 1 )] 

z [( 1,0 ; 0 , 1 ,- 1,0 ; 0 , 1 ) + ( 0,1 j 1 , 0 ,- 0,1 : 1 , 0 )] 

(c) If IS of -unit length and is of length 4a+2 
a^ 0, then the contribution is 

[(2a+l, 2a+l,* 0,1 : 1,0) + (2a+l, 2a+l,- 1,0 ; 0,1)] (1.3.3) 

The number of self complementary oriented graphs of order 
p, for p = 3,4, 5, 6 are calculated as given beloxf 

For p = 3 

The permutation which contributes to the above class is 
= (1)(23) 

let = (1) and C 2 = (23) 

From ( 1 . 3 . 1 ) and (1.3.3) the contributions can be written 
as follows : 

(0^,0^) gives [(1,1,- 0,1 : 1,0) + (1,1,- 1,0 ; 0,1)] 

(C 2 ) gives [(1,0 : 0,1) + (0,1 : 1,0)] 
after mxiLtipli cation contribution to O(a-j^) is 
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( 1 , 1 ; 1,1 ; 1 , 1 ) + ( 1 , 1 ; 0,2 ; 2 , 0 ) + ( 1 , 1 ; 2,0 : 0 , 2 ) 

+ ( 1 , 1 ; 1,1 : 1 , 1 ) 

Therefore the parti bion of self complementary oriented 
graphsof order 3 is ( (2,0) (1,1) (0, 2) ) + ( (1,1) (1,1) (1,1) ) 

That IS, (120,11^,102) + (31^). 

P = 4 

The only permutation -whicn contributes to self- 
complementary oriented graphs is a = (12) (34) 

Let 0^ = (12), 0 ^ = (34) 

(C!p) gives [(1,0 : 0,1) + (0,1 : 1,0)] 

(C!i,C 2 ) gives [(2,0 ; 0,2; 1,1 ; 1,1) + (1,1 ; 1,1; 0,2 : 2,0)] 
(C 2 ) gives [(1,0 : 0,1) + (0,1 ; 1,0)] 

After multiplication, we get the contribution to C(a) as 

( 3,0 ; 0 , 3 ; 2,1 • 1 , 2 ) + ( 2,1 : 1 , 2 ; 1,2 ; 2 , 1 ) 

+ ( 2,1 : 1 , 2 ; 3,0 : 0 , 3 ) + ( 1,2 1 2 , 1 ; 2,1 s 1 , 2 ) 

+ ( 2,1 ; 1 , 2 ; 2,1 ; 1 , 2 ) + ( 1,2 ; 2 , 1 ; 1,2 : 2 , 1 ) 

+ ( 1,2 ; 2 , 1 ; 3,0 ; 0 , 3 )+ ( 0,3 : 3 , 0 ; 2,1 : 1 , 2 ) 

+ ( 5,0 ; 0 , 3 ; 1,2 ; 2 , 1 ) + ( 2,1 ; 1 , 2 ; 0,3 : 3 , 0 ) 

+ ( 2,1 ; 1 , 2 ; 2,1 : 1 , 2 ) + ( 1,2 ; 2 , 1 ; 1,2 : 2 , 1 ) 

+ ( 2,1 .* 1 , 2 ; 1,2 : 2 , 1 ) + ( 1,2 : 2 , 1 ; 0,3 : 3 , 0 ) 

+ ( 1,2 ; 2 , 1 ; 2,1 ; 1 , 2 ) + ( 0,3 : 3 , 0 ; 1,2 : 2 , 1 ). 
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The partition of self complementary oriented graphs of order 
4 IS (130, 121, 112, 103) + (221, 212). 

Similarly, for p = 5 

(140, 32^, 104) + (52^) + (140, 131, 12^, 115, 104) 

+ 5(151, 52^, 115) + 2(251, 12^, 215). 

p = 6 

(541, 514) + 5(552, 525) + 2(241, 152, 125, 214) 

+ 4(141, 252, 225, 114) + (150, 252, 225, 105) 

+ (150, 141, 152, 125, 114, 105). 

1.4 Self converse Digraphs ; 

(a) Consider a cycle of length L = 2a + 1. let this cycle 
he of the form (1254 .... 2a+l). Under the conditions for 
self converse digraphs as in [19], this cycle induces, 'a' 
cycles, each of length 4a+2, So the contribution from a cycle 
of length 2a+l 

[( 0,0 : 0 , 0 ) + ( 2,2 ; 2 , 2 )]®- ( 1 . 4 . 1 ) 

(b) Consider a. cycle of length 1 = 4a, a is an integer ^ 0. 
This cycle induces 4a-l cycles each of length 4a. Hence the 
contribution is 

[( 0,0 : 0 , 0 ) + ( 2,0 .• 0 , 2 )]®- [( 0,0 : 0 , 0 ) + x ^ ( 0,2 : 2 , 0 ]^ 

2a— 1 

X [(0,0 ; 0,0) + X (1,1 ; 1,1)] 


( 1 . 4 . 2 ) 
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(c) A cycle of length i, = 4a+2 induces 4a cycles, each of 
length 4a+2 and 2 cycles of length 2a+l, 


Hence the contribution is 


L ( 0,0 : 0 , 0 ) + ( 2,0 ; 0 , 2 )]®- [( 0,0 ; 0 , 0 ) + ( 0,2 ; 2 , 0 )] 

1 


a 


X [(0,0 : 0,0) + x^ (1,1 .• 1,1)]^®'[(0,0 s 0,0) + x^ (1,0 ; 0,1)] 

Ij 


X [(0,0 : 0,0) + x"^ (0,1 : 1,0) 


(1.4.3) 


(d) Oonsider two cycles 0^ and 0^ of lengths and L 2 where 
both are not odd. Cycles C and 0. induce 2d cycles each of 
length m. So the contribution is 


d 

nin? 


[(0,0 ; 0,0,* 0,0 : 0,0) + (p2,0 : OjP^^,* 0,q2_ ; q2_»0)x ] 


X [(0,0 i 0,0; 0,0 i 0,0) + x“^(0,P2_ : p^yO; 


X [(0,0 j 0,0; 0,0 : 0,0) + x“^ (P3_y0 s 0,P3_; q^,0 : 0,q3_)] 


d 


d 


X [(0,0 ; 0,0; 0,0 ; 0,0) + x“ (0,Pj_ ! Pj_,0,’ : q^yO)] (1.4.4) 

(e) If 0^ IS a c^cle of -unit length and 0 is a cycle of even len 
length 1, then the contribution is 


[(0,0 : 0,0) + x^(|,|; 0,1 ; 1,0)] 


X [(0,0 0,0) + x^(|,|; 1,0 : 0,1)] 


(1.4.5) 


(f) Let and be two cycles of lengths L^ and L 2 » ^ere 
L^ and L 2 are odd. They induce d cycles of length 2m so the 
contribution is 


[(0,0 * 0,0; 0,0 i 0,0) + X (Pj_yP2^ J ^1*^1* I2. ' *^1*^1^^ 


( 1 . 4 . 6 ) 
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Example 1.4.1 

Here we obtain the number of self conirorse digraphs of 
order 3 with partitions. 

Let = (1)(2)(3) 

a2 = (1)(23) 

^3 = (123) 

Eor C;(a^), = (1) 02 = (2) 0^ - (3) 

( 0 ^, 02 ) yields (0,0,* 0,0) + x^ (1,1? 1,1) 

(Ip,!^) yields (0,0? 0,0? 0,0) + x^ (1,1? 0,0? 1,1) 

From (02,0^) we get (0,0? 0,0? 0,0) + x^ (0,0? 1,1? 1,1) 

After multiplication we get the contribution as 

(0,0? 0,0? 0,0) + x^(l,l? 0,0? 1,1) + x^(0,0? 1,1? 1,1) 

+ x'^(2,2? 1,1? 1,1) + x^(0,0? 1,1? 1,1) + x^(l,l? 1,1? 2,2) 

+ x^(l,l? 2,2? 1,1) + x^(2,2? 2,2? 2,2) 
and Similarly, 0(a2) will be 

(0,0? 0,0) + x(l,0 j 0,1) + x(0,l j 1,0) + x^(l,l : 1,1) 

+ x^(l,l? 1,0 : 0,1) + x^(l,l? 2,0 ; 0,2) + x^(l,l? 1,1 ; 1,1) 

+ x'^(l,l? 2,1 ? 1,2) + x^(l,l? 0,1 ; 1,0) + x^(l,l? 1,1 ; 1,1) 

+ x^(l,l? 0,2 s 2,0) + x^(l,l? 1,2 ? 2,1) + x^(2,2? 1,1 j 1,1) 

+ x^(2,2? 2,1 ; 1,2) + x^(2,2? 1,2 ; 2,1) + x^(2,2? 2,2, : 2,2) 
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0 ( ) will I e 

[(0,0 : 0,0) + x^(2,2 i 2,2)] 

How using (1,1.5) tile number of self coxivorse digraphs with, 
partitions of order 3 is 

(500) + x(110, 101) + x^(21^, 100) x^(ll^, 110, 101) 

+ X^(120, 11^, ,102) + x^(31^) + x^(12^, 21^) + x^(l21, 11^, 112) 

+ x^(12^, 121, 112) + x^(52^). 

1.5 Self converse Oriented G-ra.phs ; 

¥e have seen in [49] 

(a) Cfycles of odd length do not contribute to self converse 
oriented graphs. 

(b) Two odd cycles do not contribute to selfconvorse oriented 
graphs . 

(c) Consider a cycle of length i, = 4a a an integer^ 0. 

This induces one selfconverse c^cle and 4a-2 cycles of length 
h which pair off into converse cycles. Therefore, the con- 
tribution from a cycle of length I* = 4a is 

[(0,0 j 0,0) + x^(2,0 : 0,2) + x^(0,2 : 2,0)]®- 

X [(0,0 j 0,0) + 2x^(1, 1 : l,!)]*^"^ (1.5.1) 

(d) Consider a cycle of length j, = 4a+2^ a ^0. This 
induces 4a cycles of length i^,and 2 qycles of length 2a+l, 
where all pair off into converse cycles. So the contribution 
to self converse oriented graphs is 
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[( 0,0 : 0 , 0 ) + z -^( 2,0 ; 0 , 2 ) + x -^( 0,2 ; 2 , 0 )] 

X [(0,0 : 0,0) + 2x^(1, 1 ; 1,1)] 


a 


j S' 


X [(0,0 ; 0,0) + z^a+l ^ (0,1 : 1,0)] (1.5.2) 

(e) Consider cycles 0^ and C^ of lengths 1^ and I <2 (not both odd) 

These cycles induce 2d cycles, ea.ch of length m which pair 
off into converse cycles. Therefore the contribution is 

m- 


2a+l 


[(0,0 ; 0,0,* 0,0 ; 0,0) + x (p 2_,0 ; Ojp^^,* 0,q.^ : q.j_,0) 


+ X ( 0 , Pj^ : p-j^ 5 0 / (3.2^ ,0 J 0 , ) ] 


d 


X [(0,0 : 0,0,* 0,0 J 0,0) + x (p^^jO r 0,p^j l^^yO : 0,q2^) 


+ x“'(0,P2^ .'Pl^O; 0,q2_ : qi,0)]^ (1.5.5) 
(f) If C. is of length 1 and 0 is of length 1, L is not odd 

J 

the contribution is 


L,1 L 


[(0,0 .• 0,0) + x'^(f,f; 1,0 : 0,1) + x^(^,|,* 0,1 .* 1,0)] (1.5.4) 


Example 1.5.1 

¥e will calciiLate the number of self converse orioated 
graphs of order 3 with partitions. 

The only permutation which will contribute to self converse 
oriented graphs is ci: = (l)(25) 

To find C(a), let C^^ = (l) C^ = (23) 

( 02 ^, 02 ) gives (0,0,* 0,0) + x^(l,l/ 1,0 : 0,1) x^(l,lf 0,1 : 1,0) 
(C 2 ) gives (0,0 : 0,0) + x(l,0 ; 0,1) + x(0,l : 1,0), 
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after multiplication we get 

X( 0 , 0 ; 1,0 . 0,1) + x( 0 , 0 ; 0,1 • 1,0) + 

, , 0,1 . 1 , 0 ) + X (1,1. 1,0 • 0 , 1 ) + x^(l,l. 1,1 . 1,1) 

(1,1,- 0,2 i 2,0) + __ ^ 

So the of .elfoonveree crxanted ,^apl. of order 3 wrth 

par-citioxis IS calculated using (I.1.5) as 

(3oO + ^(110, 101, 100) + r^diS, 110, I01)fx3(3i2) 

+ x^(120, ll2, 102) 

The nuMber of eelfoonvorse oriented graph of order 4 with 
partitions is given below. 

(40b . .(110, 101, 2ob . .2(210, 201) . .2(li2, 

+ X (120, ll 2 ^ ^ .^(120, no, 101, 102) 

+ X (11 , 110, 101, 100) + x^( 220 , 202 ) + x'^(41^) 

t 2 x'^(120, 21=, 102) + . 5(130^ 2^2_ ^ 

t 2.5(121 , 2i2, 112) ^ ^ 

1.6 tournaments • 

AS xn [24], the perMutatxone of a t «hloh oontribute to 

the above class is of the type (1 ^ 3^5 ^^5 _ ^ 

(a) Consider a cycle 0^ of length 1 = 2a+l. 

Hixs <yole induces 2a cycles, each of length I, vhioh pair 

off into oonyerse cycles. Hence the contribution can be written 

as 
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[( 1,1 : 1 , 1 ) + ( 1,1 : 1 , 1 )]^ ( 1 . 6 . 1 ) 


(b) Consider two cycles G and C of lengths = 2a-{-l and 

-1- j -L 

Iip = 2b+l. Cycles C and C induce 2d cycles, each of length 

d. 1 J 

m, xrhich pair off into converse cycles. So contribution is 


L(PpjO i p^,0,* 0,q^ : 0,q^) + (0,p^ ; 0,p^/ q^,0 

Example 1,6,1 ; 


ll.O)]'^ 

( 1 * 6 . 2 ) 


The number of tournaments of order 4 with partitions is 
calculated. The permutations which contribute to the class of 
tournaments are i = (1)(2)(3)(4) and = (1)(254). 

(i) To find 0(a2_) : 

Lot C^ = (1), C 2 = (2), C^ = (5), C^ = ( 4 ). 

Using (1,6,2) the different contributions are as folloxrs s 


Corresponding 

to ( 0 ^,G 2 ) the contributions [ ( 1 , 0 ,* 0 , 1 )+( 0 , 1 ; 1 , 0 )] 

t ! 


' ' [( 1 , 0 ,' 0 , 0 ,- 0 , 1 )+( 0 , 1 ,' 0 , 0 ,' 1 , 0 )] 

t t 

( 01 .O 4 ) 

' ' [(l, 0 ,' 0 , 0 ,' 0 , 0 ,' 0 ,l)+( 0 ,l,' 0 , 0 ,' 0 , 0 ,'l. 

f r 

( ^ 

• ' [( 0 , 0 ,' 1 , 0 ,' 0 , 1 )+( 0 , 0 ,' 0 , 1 ,* 1 , 0 )] 

1 ! 

( ^3 » ^4 ) 

' ’ L( 0 , 0 ,' 0 , 0 ,'l, 0 ,' 0 ,l)+( 0 , 0 ,' 0 , 0 ,* 0 ,l,'l, 

(ii) To find 

C( U 2 ) 


Let 

c^ = (1), 

C 2 = ( 234 ) 

Q 

0 

gives [( 3 , 0 ,' 

0 , 1 ) + (0,3; 1 , 0 )] 

1 2 



( 03 ) 

gives [( 1,1 

s 1 , 1 ) + ( 1,1 ; 1 , 1 )] 
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After miiltiplication and using the formula (1.1.5)} the number 
of toxirnaments of order 4 with partitions is 

(130} 121} 112} 103) + (130, 312) + (321, 103) + (221, 212). 


I 


Oh apt er 2 


SOtlE CLASSES OP DIG-RAPHS 


In this chapter wo count some classes of digraphs. The 
method adopted is again a weighted version of Burnside's 
lemma. Here we count the following. 


1 . Even digraphs 

2. Mixed digraphs with complement and converse isomorphic 


2,1 Even Digraphs j 

Rohinson [41] has counted Euler lan graphs by using 
Burnside's lemma. Here we extend the result by counting even 
digraphs. As in the case of previous chapter, we make use of 
the weighted version of Burnside's lemma, where the weight is 
equal to one. 


Theorem 2,1 


The number of even digraphs of order p is 


. _ S P'. 2®^^^ 

'p p' 


( 2 . 1 . 1 ) 


where 



Proof 
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In tile present context the lemna says that the sum of the 
weights of the equivalence classes of even digraphs will be 
equ"’! to 


1 

P* 


a € S, 


0(a) where 0 ( 0 :) 


= £ 

Sts 

X(a)s=s 


1 . 


(2.1.3) 


S = set of all even digraphs 

%= representation of S by permutations of S. 

Jcr 

To find 0(a)*. 


(a) Pirst we find the contribution from cycles of a individually. 

Let be a cycle of length k. induces (k-l) cycles each of 

length k on ordered pairs of vertices. In each of these cycles 

every vertex of Zj^ lies on even number 01 edges. So in forming 

even digraphs each may be excluded or included. So the contri- 

e(o ) 

bution from cycles of length k towards 2 will be 


^k 


(k-l)3j^ 


(2.1.4) 


(b) how we consider the contributions from different cycles 
that IS from pair of vertices lying on 2 different cycles. 
Consider two cycles Z^ and Z^ of lengths r and t of a, and 
2-subsets which have one vertex in each of these cycles. 
Select a cycle Z. Let ¥ be a collection of cycles of 2- 
subsets, obtained by choosing, for each cycle one of 

cycles of 2-subsets whose vertices are in Z and Z^. ¥ will 

have ( X Djj.-!) cycles. Now we can determine an even digraph 


I 
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for each selection of these cycles of 2-subsets not in ¥. 
This is done by either including or excluding cycles in 
¥ as necessEiry to maSce each an even digraph. The number of 


such cycles not in ¥ is 


52 2(r,t) j 3+ +X 2k (2^) - (53^-1) (2.1.5) 

The total contribution from a C to 0(a) is 2°^^^ where 

e(3) =12 (k-l)Dv + 222k(2^) + ^ 2(r,t)o 3. - ( 2 ^ j^-l) 

k ^k^ r<t 

( 2 . 1 . 6 ) 

Therefore using the formula (2.1,5) the number of even digraphs 
of order p is 


= ^ K 

r\ 1 


at- 


,e(a) 


where 


(3) =l2(k-l)3i^ +Z22k(2^) + 52 2 (r,t) 3 ^ + (1 -5 O^) 

(2.1.7) 


k" ^ k 

Hence the theorem. 


The numbers of even digraphs of order p, upto p = 7 are cal- 
culated and given below. 


p 

1 

2 

5 

4 5 

6 

7 


1 

2 

6 

58 712 

50224 

15946552 


2,2 Mixed Digraphs with Cpmplement and Converse Same : 

Harary and Palmer [20] have counted mixed digraphs, 
Sridharan [52]Kas counted mixed self complementary and 
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self converse digraphs hy using weighted version of Burnside’s 
lemma. Let S = set of all mixed digraphs with complement and 
converse isomorphic. 

X, a representation of S by permutations of S . let 

ir 

X correspond to an oriented edge, and y to a nonoriented edge. 


Using weighted version of Burnside's lemma ^ the sum of 
the weights of the equivalence classes of required class will 
bo 


^ H 2 : 

a€S^ s€S 

^ X(“)s=s 

that IS 


1 

P’. 




G(a) 


where 


C(a) 




s£ S 
X (a)s=s 


X m 

X y 


(2.2.1) 


(2.2.2) 


(2.2.3) 


Theorem 2,2 


The formula for number of mixed digraphs for which 
complement and converse are same is equal to 

1 


S C(a) 
P- a€S^ 


(2,2.4) 


where 


C(a) = n 


3.r 




I 2 


n 


k=4a ^ 

k(3k) 




k even 




n 

q<r 
both odd 


n P2k 

kodd kodd 

(Q.»3?)3g^3^ 1 

*<2,<q,r» q<r 

at least 
one not odd 


n \2,h 


2(q,r)3^3^ 
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Pro of 

To find 0(a) 

The cycle structure of a which contributes to the class 
of digraphs having same complement and converse is 

(lU ,33 ^04 ^^5 ^37 ^38 ^ 

The contribution can be written as follows ; 

( 1 ) A cycle of length k = 4a a 0 contributes 

k:2 1 . 

^k where a-^ = 2(x^ + y^) and C-^ = 

(ii) Odd cycle of length k contributes 
k-1 

2 k 

^2k where b 2 jj. = 2x 

(lii) Two odd cycles of lengths q. and r contribute 
^<2, <q,r» 

(iv) Two cycles w-here at least one is even^ gives rise to 
2(q,r) 

^<q,r> 

Kow from ( 1 ), (ii)s (m) and (iv) we get the formula 
for the number of mixed digraphs for which complement and 
converse isomorphic. Hence the theorem. 

The generating functions for mixed digraphs having 
complement and converse same are cailculated for p = 3^4,5 and 6 
are given below ; 
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P = 5 

M 

CM 



II 

4x^ + 

4 3 

X y + y-^ 


P = 5 


4 3 

+ 4x y + 

2y^ 

p = 6 

56x^^ 

+ 16i\ + 

16x^y 


Chapter 5 
MBEILBD EmJMBRATIOF 


In this chapter, we are interested in labelled enumerations, 
¥e count the following. 

1. labelled k- colored hyper graphs 

2. Labelled strongly k-colored hypergraphs 

3. labelled connected hyper graphs 

4. Labelled even digraphs 

5. Labelled even hypergraphs 

£.0. Read [35] bas counted the number of k-colored graphs. 
Here we generalize this result by extending Read's method to 
obtain the formula for number of labelled k-colored and 
strongly k-colored hypergraphs. 

3.1 Labelled k-colored hypergraphs ; 

Let P]_,P 2 »P 3 »P 4 » Pfc positive integers that 

form an ordered partition of p, so that 



(3.1.1) 



for an arbitrary solution of (3.1.1). 


¥e write 
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Tlieorem 3.1 


The iiiimber 0 (h) of k-colored labelled hyper graphs of 


P 

order p is 

Proof 


-Pk 


k P- 

Pa “ C-t 

m i=l m=2 

) 2^-2 


X (®i) 


( 3 . 1 . 2 ) 


Let C!p(k) be the number of k-colored labelled hypergraphs 
of order p. For a particular assignment of k— colors the total 
number of k-colored labelled hypergraphs is kl Cp(k). 

Hence we suppose that the k-colors are fixed. Each solu- 
tion of l^p]- determines a k-part ordered pa,rtition of p. 

¥e seek the number of labelled hyper graphs with p^ vertices of 
1 color. The number of ways the labels can bo selected for 
the vertices is the m-ultinomial 


V I n ^ (5.1.3 

Now the possible number of subsets that contain at least two 
nonequivalent vertices is 



(3.1.4) 


Since each of these subsets may or may not be an edge in 
forming labelled hypergraphs, we have 



Pi 


O - i K 

1=1 m=2 



Choices, 


(3.1.5) 
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Now from (3.1.5)y (5.1.4) a.nd (3.1.5), tlie formula for 
number of k-colorod labelled hypergrapiis of order p takes tlie 
f orm p 


C (k) 


1^ 

kf 


rc 


p 


I (^) - X X (^) ^ 

^ 2^=2 1=1 m=2 (5.1.6) 


and the generating function for the number of k-colored labelled 
hypergrephs of order n is 


p. 


aj,(x) = 


kl 4 B D ID ^ 


hi) - S XT (?) 


m=2® i=l m=2 


(5.1.7) 


By substituting m = 2 in (5.1.6) and (5.1.7) wo get the formula 
for number of k-colored labelled graphs. 


Some Values have been calculated using (5.1.6) and are 
tabulated below. 


pA 

1 

2 

3 

4 

5 

1 

1 

0 

0 

0 

0 

2 

1 

2 

0 

0 

0 

3 

1 

24 

16 

0 

0 

4 

1 

2048 

1536 

2048 

0 

5 

1 

21135360 

293601280 

35554432 

67108864 


3.2 labelled Strongly k— colored Hypergraphs % 

Theorem 3.2 

The number SC (k) of strongly k-colored labelled hyper- 
P 

graphs of order p is 


32 




+ tP^^PaP^^ •• +XpiP2-*Pi£ 


( 3 . 2 . 1 ) 


Proof 


Let SOpCk) bo tlie number of strongly k-colored labelled 
iiyper graphs of order p. For a particular assignment of k-colors, 
the total number of strongly k-oolored hypergraphs is 
kl SG^(k). 

Hence we first consider the co-se where the k-colors are 

fixed. Ea.ch solution of , determines a k-part ordered 

partition of p. Ve count the number of labelled strongly 

"bii. 

k-colored hypergraphs with p^ vertices of i color. The 
number of ways the labels can be selected for the vertices is 
the multinomial coefficient 


hi)? D ) (3.2.2) 

PijP 2»P3» • • •• Pis; 

Now the possible number of subsets such that each edge has 
no equivalent vertices is 

X^PlP2 +XP1P2P5 + XP1P2P3 ••• Pk ( 3 , 2 . 3 ) 

where X P1P2P3 **** Pm summation over all (^) 

different choices of m sets from k different classes. For 
example 
For k = 4 


^ P1P2 = P1P2 + P1P3 + P1P4 + P2P3 + P2P4 

= P1P2P3 + PiP2P4 + P1P3P4 + P2P3P4 . 
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Since each of the subsets in (3.2,3) may or may not he 
an edge in forming labelled hyper graphs, we have 


P1P2 + IP1P2P3 + 

Choices. 


+ Pk 


(3,2.4) 


From (3.2,2), (3.2.3) and (3.2,4) the number of strongly 

k-colored labelled hypergrephs of order p is 

XPiPa"^ XPiP2P3''’* * XP 1 P 2 * • 'Pk 

(3.2.5) 

and the generating function for the number of labelled strongly 
k-colored hypergraphs of order p is 

on ^ ^ 1 V / P XPiP2‘‘’ZPlP2P3'‘''*'‘‘'^^1^2**Pk 

“ ki ^ ^P3_,P2»P5»‘*«Pl5;)(l+2c) (3.2.6) 

If we retain "^P2P2 ignore the remaining terms in (3.2,5) 

a.,n<1 (3.2.6), we get the formulas for labelled k-colored graphs. 

Values upto p = 6 and k = 6 are calculated and are given in . 

Table 1. 

Naturally for k = 2 this agrees with tho values given in 

[24]. 

3.3 labelled Connected Hyp or graphs ; 


SC (k) 
P^ ^ 


1 

kl 


£( ^ 

Pl>P2»P3 > * * ‘Pk 


Theorem 3,3 


a = 


The number of connected hyper graphs is given by 

jaP-p-i _ i i,(P) 22S-'^-(p-k)-i 

^ k=l ^ ^ 


(3.3.1) 
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Table 1 


p/k 

1 

2 

3 

4 

5 

6 

1 

1 

0 

0 

0 

0 

0 

2 

1 

2 

0 

0 

0 

0 

3 

1 

12 

16 

0 

0 

0 

4 

1 

80 

768 

2048 

0 

0 

5 

1 

120 

71680 

2621440 

67108844 

0 

6 

1 

9152 

15769600 

23799191040 

30x2^° 

257 


Proof : 

A rooted bypergrapb. bas one of its verticoSjCalled tbe 
root, distinguisbed from others. Tbe two rooted byper graphs 
are isomorphic if there is a one— to— one mapping from a irertex 
set of one bypergrapb to tbe other which preserves not only 
adjacency but also tbe roots, ITow we can obtain tbe recur- 
sive formiiLa as below. 

Tbe different rooted, labelled hyper graphs are obtained 

when a labelled bypergrapb is rooted at each of its vertices. 

Hence tho number of rooted labelled hypergrapbs of order p 

is nH , where H is the number of labelled hypergrapbs of 
P ^ P 

order p, Tbe number of labelled bypergrapb in which tbe 
root is in a component of exactly k vertices is 


(3.3.2) 
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Now summing from k = 1 to p 

PHp = ^ >^(g) «k Vk 

The number of labelled hyper graphs of order p without loop 
is 

= 22®-P-1 

So the equation (3.3.3) reduces to 

p = £ k(P) + PO 

k=l ^ 

that IS, 

^ 225-P-I _ 1 g i,(P) 225-"^-(p-k)-l 

p p k=l 


¥e give values upto p = 5 below. 


p 

1 

2 

3 

4 

5 

Op 

1 

1 

12 

1816 

67071164 


3.4 Labelled Even Digraphs ; 

R, C. Read |[36] has enumorated labelled even graphs. 
Following Read’s method here we generalize the result to 
labelled even digraphs, and labelled even hypergraphs. As a 
special case we get the formula for labelled even graphs from 
labelled hypergraphs. The method is to assign the sign to 
the digraph (hypergraph) by assigning signs to its vertices 
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and in turn to the edges. That is, the sign of the digraph 
(hyper graph) x-j-ill be a function of signs of the vertices. 

These signs are assigned in such a way that the unwanted digraphs 
( hyper graphs ) , cancel out when summed over all possible assign- 
ment of signs to the vertices, and possible labelled digraphs 
( hyper graphs ) . And the formula for the number of even digraphs 
(even hypergraphs) is found by considering the sign of the 
digraph (hypergraph) as a function of signs of edges. Thus 
the two ways of summing the sign of labelled digraphs (hyper- 
graphs) overaall possible labelled digraphs ( hyper graphs ) and 
assignments of signs give the result. First we discuss 
labelled even digraphs. 

let 1 be the set of all labelled digraphs with p 
vertices and q. edges. Consider any digraph D in 1 and arbi- 
trarily assign +1 and -1 to the vertices. Let the sign of an 
edge be the product of the signs of the end vertices. The 
sign of the digraph denoted by o’(l) be the product of the 
signs of the edges of 1. There are 2^ ways in which the signs 
can be assigned to the labels of a given digraph. There are 
(P(p-l)) labelled digraphs with p vertices and q edges. 

let a = sum of the indegrees of the vertices with 
negative sign 

p = sum of the out degrees of the vertices with 
positive sign. 
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Therefore , 

<i(D) = (-1)“+P = (-l)a+t (3.4,1) 

where 

a = mmber of edges from positive to negative vertices 
h = number of edges from negative to positive vertices 


how we can write 
D€ L I S 


(- 1 ) 

S |p€I 



(5.4.2) 


where 

S = set of all possible assignments of -1 and +1 to the 
vertices, and there are 2^ elements in S. 


The left hand side of (5.4.2) 

If D IS an even digraph then for all v €. V net degree 
of V IS even. This means that a + p = even if D is an even 
digraph. Hence 

i: a(D) = 2^ if D is even digraph. 

S 

If D is not even, at least one vertex v has net degree odd. 

The sign a(D) is -1 if odd number of odd vertices have 
negative sign. The allocations in S for which the label of v 
IS positive and for which it is negative is equinumerous . Hence 
D contributes nothing to L.H.S. of (5.4.2). Hence I.H.S, of 
(5.4.2) is 2^ times the number of even digraphs in I, 
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Right hand side of (3.4.2) 

Consider an allocation in S for which n vertices are 

positive and m = p - n are negative. Thore are (^) such 

allocations. Consider the contribution to the R.H.S. of 

(3.4.2) from those digraphs for which a+h+d = q where 

d = number of edges with positive sign. Observe that 

d edges can be chosen in/ m(m-l) + n(n-l) Ndifferent ways, 

d ^ 

a edges ca/i be chosen in (^) different ways , and 
b edges can be chosen in (^) different ways. 

3 . 


Thus the contribution to the R.H.S. of (3.4.2) from those 
digraphs for which a+b+d = q is 


a+b+d =q 


^nm^^nm^ ^m(m-l)+n(n-l) ^ 


This IS the coefficient of in the senes 


(3.4.3) 




(3.4.4) 


How summing for n+m = p we obtain a series in which the 
coefficient of is the R.H.S. of (3.4.2). 

(P)(l-x)^ ^^^^)m(m-l)+n(n-l) (3.4.5) 

n+m=p 

n+m=p 

Therefore the number of labelled even digraphs 


(3.4.6) 
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is equal to 

^ (l.z)P(P-l) £ (P) (lg)2n(P-) 

n=0 


(3.4.7) 


The total number of labelled even digraphs of order p is 
obtained by putting x = 1 in (3.4.7). Hence, number of 
labelled even digraphs of order p 


= 2 
2P 


2p(p-l) - P + 1 ^ 


Counting series for labelled even digraphs with any number 
of vertices and edges is given by the formula 


oo 

E(t,x) = 

p=0 


'^(l«)P(P-") f* (P)(^)2n(p-n)|^ 

n=0 


where pi being introduced because the vertices are labelled. 

And the counting series for connected even digraphs is given 

by the series log B(t,x), and the number of connected even 

digraphs on p labelled vertices and k— edges is pi taiaes the 

T) k 

coefficient of t-^x in this series. 


3.5 labelled Even Hyper graphs ; 

The hypergraphs that we are considering here are loop 
free that is the edges Ej_ with | Ej_J =1 are not considered. 

As in the section 3.4, the signs are assigned to the 
vertices. The sign of an edge is the product of the signs of 
the vertices it has. And sign of the hypergraph is defined 
as in the case of digraphs. How we can have the identity 
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r [xcT(H) 1 = rf t, 

H€BtS ] Sl.H£B 



(3.5.1) 


where B =8 61; of all labelled hyper graphs of order p, 

and a(H)= (-1)^ = (-1)^ (3.5.2) 


where 

a = sum of the degrees of the negative vertices 
b = number of negative edges. 

Consider the L.H.S. of (3.5.1). 


If H is an even hypergraph then a is even for all 
possible allocations of signs to its vertices. Hence 


X^(-l)^ = 2^ if H IS an even hyper graph. 

S 

and if H is not even then it contributes zero to l.H.S, of 
(3.5.1). Thus, l.H.S. of (3.5.1) is 2^ times the number of 
even hypergraphs in B. How consider the R.H.S, of (3.5.1) • 
Consider an allocation in S for which n vertices are positive 
and m = p — n are negative. If there are k edges of negative 


sign they may occur in 
n mp 

ife ^ 


.) + froff)'' 


1=1 


J 


different ways. 


And remaining q-k edges can occur in 




m. 


+ 


) 


different ways 
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Note that (J) (^) is 

-L J 


Now summing from k = 



zero if i + 3 ^ n 


0 to q we obtain 


n 




k 


i=l 


^ /t(S)+ fc(J) 


i=2 


1=0 

q-k 




(3.5.3) 


as the contribution to R.H.S. of (3.5.1) for each allocation 
with a given n and. m. This is the coefficient of in 

t(?)(X + X + ...) + i:(p(p 

(1-X)"=° n „ " 


(1+z) 

and (^)(^) is zero if i + j 


+ ;g(i)(X + X + 

1=2 


n 


(3.5.4) 


Hence R.H.S.^of (3.5.1) is the coefficient of in 
n t + “g + ) + X 


n=0 


£ (J) + r (5)(X + X + ••••) 


( 1 + 2 :) 


i=2 


i=0 


(3.5.6) 


and this coefficient of z^ is 2^ times the number of even 
hyper graphs in B, In the formula (3.5.6) if we put 

(J)(p =0 if i + j > 2. 

it reduces to the case of graphs. 
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low the formula (3.5.6) is simplified as follows. 


r\ ^ 


n=0 


(1-xf ^ ^1 


Xl/rin^j nip ID.--^ \'m 

-f w + Jf- *f . * • j-m 




I T 


Therefore the generating function for the number of labelled 
hyper graphs of order p 


= “p ^ + )-m 

2 ^ ^ ( 3 . 5 . 8 ) 

low the total number of labelled ewen hypergraphs of order p 
IS obtained by substituting x = 1 in (3.5.8). lumber of 
labelled even hypergraphs of order p 


= 1_ = p^^-^p-l P > 3 

pP 


The coTinting senes for labelled even hypergraphs with any 
number of vertices and edges will be 


A(t,x) = T. I h (l+x)^^"^"^ ^ ^0 +-J p-; 

jr 


( 3 . 5 . 9 ) 


and counting series for connected even hypergraphs 
its formal logarithm that is log A (t,x). 


is given by 


Ohapter 4 


HYPSR5RAPHS 


In this chapter \tq deal with the onuneration of hyper- 
graphs. Following classes of hyper graphs are counted in 
this chapter. 

1 , Hyp er graphs 

2, Directed hypergraphs 
5. Oriented hyper grapns 

4. Self complementary directed hyper graphs 

5. Self complement aiy hyper graphs 

4.1 i^ypergraphs 

Enumeration of hypergra.phs was done by Haner and 
deBruijn [9] using a slightly different approadi. The 
method of enumeration used here is ba.sod on the r- 
dimensional version of polya's theorem. We will state the 
theorem and for details refer to the book by ELarner and 
deBruijn [28]. 

Theorem ; (r-dimensional version of Polya's theorem) 


Let r-deiiote a natural number and let 
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■4 — A 2 J A^, ....... Ay) and 

B = (Bj^, B 2 , B^, By) denote r-tuples of nonempty, 

finite sets. Let a be a. finite group. let denote a 

representation of G by permutations of i = 1,2,3, .... r, 

and let 

A A-j Ap A*:? A 

B = X B2 X B^^ X X By^ 


Using the representation 2:,,x,,x, 1 , 


a 


representation 


P 


A 


of G by permutations of B is defined as 


p (Y ) (^2.* ^2^^3 * •••• ^2;.) ~ 


(4.1.1) 

_A 

for all (f 2 _,f 2 ,f^, .... fy) 6 B and all Y €. G-. 

_A 

Let the equivalence classes of G in B be denoted by 

5^^^, .... let be a weight function on 

B^ 1 = 1,2,3, .... r and a weight of 

„A 

... fy) 6 B IS defined as 
r 

W(fT,f2,f'z, .... fy) = X i. Wj^l(a) (4.1.2) 

^ ^ ^ i=l a6Aj_ ^ 

let ¥(S^^^) be the common weight of the elements of S. for 


j = 1,2,3, .... n. Then the sum of the wei^ts of the 


equivalence classes is 
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Now tile problem reduces to findruj aZ;(S^^^). Our aim is 

to find the contribution to from a€S . 

P P 

(a) Consider a cycle of length r, and k subsets lying on a 
single cycle. 

Example 4.1.1 

Consider a cycle of length 6. 4 subsets are permuted 

in 2 cycles of length 5 and 1 cycle of length 3. 

(123456) givesrise to (1234 ) (2345 ) (3456 ) (4561) (5612) (6123 ) 

(1235) (2346) (3451) (4562) (5613) (6124) 
(1245)(2356)(3461) 

Example 4.1.2 

Consider a cycle of length 7.3 subsets are permuted in 
5 cycles each of length 7. 

(1234567) givesrise to ( (123)(234)(345)(456)(567)(671)(712)) 

((124) (235) (346) (457) (561) (672) (713)) 
((125) (236) (347) (451) (562) (673) (714)) 
((126)(237)(341)(452)(563)(674)(715)) 
((135) (246) (357) (461) (572) (613) (724)) 

(i) If r and k are relatively prime that is (r,k) =1, then 
k-subsets are permuted in cycles each of length r. 

let A(r,k) = Eo. of qycles of length r permuted by k subsets 


lying on a single cycle 
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Th.e con’fcnbution towards from a cycle of length r is 

Sr 


r 

A(r,k) A(r,k) = 


(4.1.5) 


(ii) If r and k are not relatively prime, that is (r,k) = dj 
then the contribution is 


A(r,k) = b 


cycles of length r, 

( 4 . 1 . 6 ) 


'T k 


and A(=g-,^) cycles of length where b divides d. So the 


:(k) 


contribution towards from i a cycle of length r is 

ir 


? vd 


A(f,|) 3^ 


(4.1.7) 


where the product is over all divisors of d, n-nfS 


A(n^,n2) 


n 


1 , 


^ If = 1 




n-. 


“0 


n 


2 >1 


b/d >”) 


^b ’b ^ b 


n-, 


( 4 . 1 . 8 ) 


if (n^,n 2 ) = d 


(b) Consider two cycles of lengths r^ and r2. 

(i) k-smbsets such that k^^ from the cycle of length r^^ nnd 
k2 from the cycle of length r2 contribute 


■'i. 


■ 0 , 


<n> ^2> 

of r^ and r2. 


cycles each of length ^r2>n2^ = l.c.m 


If (r^,k^) = 1 and (r2,k2^ “ 
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(ii) k 
and. ko 




-subsets such that k^-subseis from cycle of length r 
subsets from cycle of length r 2 contribute 


r^ ko 


fi h 

bi b2 




b. 


cycles of length 



1 ’ 


where (r^,k^) = d^^, (r 2 »k 2 ) = ^1 ^2 divisors of 

d^ and d 2 respectively. A(n^,n 2 ) is given by the equation 

( 4 . 1 . 8 ). 


Example 4.1.3 


Suppose that there are 2 cycles each of length 4. 


(1) Oonsider the case whore in each cyoLe obtained from these 
txTO one element is from one cycle and three are from the other 
cycle. Here, r^^ = r 2 = 4, kj^ = 1, k 2 = 5. 

(r^^jkj^) = (r2>k2) 1. 


4 -subsets yield 


A(4,l) A(4,3) 


4x4 


<4,4> 


cycles of length 4. 


How, 


‘C. 


A(4,l)=-^ = 1 and A(4,3) = -^ = 1 


(1234)(5678) give rise to ( (156?) (2678)(3785 )(4856 ) ) 

( ( 2567 ) ( 3678 ) (4785 ) (1856 ) ) 
((3567)(4678)(1785)(2856)) 
( (4567 ) ( 1678 ) ( 2785 ) ( 3856 ) ) 
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(2) Oonsider 4-subsets such that 2-elements from one cycle 
and 2 from the other 

(1234)(5678) give rise to ( (1256) (2367) (3478) (4185 ) ) 

((1267) (2378) (3485) (4186)) 
((1278) (2385) (3456) (4167)) 

( (1285 ) ( 2356 ) ( 3467 ) (4178 ) ) 

( (1257) ( 2368 ) ( 3475 ) ( vl86 ) ) 
((1268) (2375) (2386) (4157)) 

( (1356 ) ( 2467 ) ( 3178 ) (4285 ) ) 

( ( 2456 ) (3167) (4278) (1385 ) ) 
((1357)(2468)) 

( (1368 )( 2475)). 


cycles of length t-, and 
^1 ^2 


Hence the contribution from 3. 

cycles of length 1 C 2 , and k-subsots lying on different qycles 

towards is , . b“^b“ 

^ 12 ) ^ 1 ^ - . 


TT TT TT TT ‘"2'^2 Al ^2\ ^1 

^ 12 / 


( 4 . 1 . 10 ) 


where a,ll the solutions of an ordered 2-part of k. 

i.e, ^2^ + ^2 - 

(c) In general consider i cycles of lengths r2_,r2,r^» 
and also k-subsets such that k^^ elements from a cycle of 
length Let, (r2_,k2^) = d^^. Let s are divisors of dj^'s. 
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Then the contribution to is 

P 


n n 

bi/di ^ 2/^2 


n 


k-, To ko 

Zi Zi\ 

Vl^^2’ **“ \/ 


r . k_ 


ri 12 








"*1 


* ’b. 


■*> 


(4.1.11) 


Thus the tota .1 contribution from 3 cycles of length r-. , 

^1 

3 cycles of length r«, etc. 3 cycles of length r- and 
12 ^1 

k-subsets lying on different cycles, is 


■i 4 . 


n TT TT TT 


TI 

b,./d. 




r, k-, ip k^ r. k. h-, bp 




fi\ 1 

Vl'^2' ••• bi/ 




Zi Zi 

bi»b 2 »** 




( 4 . 1 . 12 ) 


where i “ All solutions for k^^ + k2 + .....+k^ — k, i.e. 

an ordered i-part of k. 

Thus from (a), (b) and (c) the formula for number of hyper- 
graphs of order p 
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is equal to 

n n n n 

^ ^ ^ Dq * ^^=2 1=1 r ^ 4 : ^ 2'^‘^3 * ■ * * i 


rr n .... n 

t>i/ii 


Pt k^ k^ 




'h2*'i^2 


X a 


fl 

Vtj-bj 


^i 

’’i. 


r. k To 

Af— i _i) _JL ^ 

■^'^'b, ’b. ^ ^2 * 


1 1 


V^2’* 


* * b .' 

i Jr 

^1 ^2 


fi 

• * *b . 

ly 


^i 


(4-. 1.13) 


■where d 


i = ( U ’ h ) 


Product b^’ s Eire over all divisors of d^^ 


^k|.^ = all solutions for eqn. k^ + k 2 + ... ■+• k^ = k, 

an ordered i-part of k. 


= 1 + X 


The above formula, for k = 2 


1=1 then kj^ = 2 (r,2) =1 if r is odd 


(r,2) = 2 if r is even 


Eind 


= 2 then k^ = 1 k 2 = 1 ^ 

(r2,k2) = 1 


So the formula (4.1.13) becomes 


a/ 


S 



^ 


58454 






— _ A(i*2^,2)3 


3-, ri 1 ^1 \ ^ 

* odd even 


A(rT,2) A(~»l^ 


3 ? • X* 

-T — p A(rj^,l) A ( , 1 ) - ■?: 3 3. 

X 1 1 a \^1»^2/ ^1 ■ 

-i4-2 


(4.1.14) 


r-, r-, -1 

A(r3_,2) = 

r=odd ~i\ 


A(r-,,2) = ^2 


A(r^,l) 


^1 = ^1' 
Co — 


r=even 


2 T" " 1 " 2 

r. - *2“* 


So the formula (4.I.I4) reduces to 


1 y — Ei_ 
<3>rf^° ^0* 


^1-1 


" '^1 n K 2 " 4 "'' 


even 


ri-2 


(3:’l»3rp)i 0 

i ^ ri r2 


TT 

X 11a 

■which is the form'ula for the nttaber of ^ra-phs of order p. 

The generating functions for hypergraphs of order p=2,3,4 
are as follows 


n = 2 


n = 3 


1 + X 

1 + 2x + 2x^ + 2x^ + 


n = 4 1+3x+7x^+16x^+28x^+35x^+35x^+28x'^+16x^+7x^+3x^°+x^ 


Fumbers of hypergraphs of order p, p = 2, 3, 4, 5 are calculated 
and given below. 
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p 

2 

3 

4 5 

Ho of hyper graphs 

2 

8 

180 603712 


4.2 Directed Hypergraphs or Dihypergraph 

Here as in the case of hyper graphs the method is same. 
There is a one-to-one between directed hyper graphs and the 
elements of B with 


B^ — — B^ 




and 


= set of all ordered k-subsets of V. 


If the weight ■w^(b) = is assigned to each b €. B- 
1 =1,2,3, n, then the wei^t 

w(f ) = of f € B indicates that f corresponds 
to a dihypergraph with q. edges. Here in the present problem 
Gr is the symmetric group, 

A, = = set of P 1 11. ordered k-subsets of V. The 

group sC^ IS a permutation group induced by S which acts 
P -p 

on A permutation a£ S induces a permutation a' in 

ir 

such that, for every element 
P 

yC ^ 

a*(v2,V2,v^, ... Vj^) = (ocv^,crv2,Qcv^, ... ocv-j^) 


using (4.1.3) 
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Tlie formula for the number of dihypergraphs of order p is 
P 

T 7.(1 

p 


~ XT Z(sf^X* 1+X} 1+x^ f 1+x^, 


aes k=2 

ir 


) 


(4.2.1) 


How to find Z(st^^^) 

Our aim is to find the contribution to from a€S . 

P P 

(a) Consider a cycle of length r, and k-subsets lying on a 
single cycle. The contribution is 


kl 




( 4 . 2 , 2 ) 


Example 4 . 2, 1 

Consider a q 7 cle of length, 

(1234) gives ( (123) (234) (341) (412) ) 

((132)(243)(314)(421)) 

((213)(324)(431)(142)) 

((231) (342) (413) (124)) 

((312)(423)(134)(241)) 

((321)(432)(143)(214)) 

so 3~subsets are permitted in 6 cycles eadi of lengtn 4. 

So the contribution towards from cgroles of length r 

and k-subsets lying on a single qycle is 






(4.1.4) 
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(b) Consider two cycles of lengths and rg and k-suhsets 
such that, elements are from cycle of length r^^ and k 2 
elements are from cycle of length r 2 . There are. 




(ri, rj 

Example 4.1.2 


> 


cycles each of length 


Consider a cycle of length 2 and a cycle of length 4. 


(12) (3456) givesrise to 

( (1345 ) ( 2456 ) (1563 ) ( 2634 ) ) ( (1354 ) ( 2465 ) (1536 ) ( 2643 ) ) 
((1435) (2546) (1653) (2364)) ((1453) (2564) (1635 ) (2346)) 
((1534) (2645) (1356)(2463)) ((1543) (2654) (1365)(2436)) 
( ( 2345 ) ( 1456 ) ( 2563 ) (1634 ) ) ( ( 2345 ) (1465 ) ( 2536 ) (1643 ) ) 
( ( 2435 ) (1546 ) ( 2653 ) (1364 ) ) ( ( 2453 ) (1564 ) ( 2635 ) (1346 ) ) 
( ( 2534 ) (1645 ) ( 2356 ) (1463 ) ) ( ( 2543 ) (1654 ) ( 2365 ) (1436 ) ) 


Hence the contribution from i cycles of length r-, and j 

^1 2 
cycles of length T 2 and k-subsets lying on different cycles, 

towards sCi^] ±B ^ ^ 

Jbr 


n n 


' ^2> 


^1 ^2 


(4.2.5) 


2 <ri.r2) 


(c) In general if we consider i cycles of lengths r^,r 2 ,r^, . .r^ 
k-subsets such lliat k^ rlements are from a circle of length r^, 
then the contribution to is 
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k' -^C "^0, 

^2 




1*2^ , 1*2 , r^ ; . • • 

**•* 


(4.2.6) 


And the contribution from J cycles ox length r-, , 3 cycles 

1 ^2 

of length r2 etc. cycles of length and k-suhsots fron 

different q7 cles towards is 


^1 ^2 

V? ^ri -i--< 

^k2_ "k2 '"^i 




~y T* T* T* T* \ -v^ ^ -y* * • -Y» 

tt : tt a <i' 2 ’ 3 --h 1 2 1 

4^24^3 •• *4^1 i Vl^^2»^3’** ^i) (4.2.7) 


Thus the formula for number of directed hypergraphs of order 
p is 


k'. -^a 


X a 


-4 A 
^ n 

n 

n 

k=2 1=1 

n4i’24^3 ••••4n 

{% 

^2 

"k. •• 

r . 

""k 


c. 

' 1 ^ ^ 2^ ^3 ^ 

3L 

3-y-» 3-p *•• 

. .r^) 1 2 

3ri 


where 

The above formula for k = 2 is the following ; 


= 1 + X . 


|r .,.£.s_. TT 

c 


^ rt 

21 ""2 


4 XT 


r, r, 

2'. 4^ 


C4.2.8) 


.,4 r2 "1 "2 


(^-1)4 2(rj^,r2)4j^ 

^ — — Ei__ jjj- a J. X a/ V 

-thTToSo 3 1 


= nX 


(4.2.9) 



■wiiich. IS "blie formula for directed graphs of order p. 

The generating function for number of directed hypergraph of 
order p = 2, 3 arc as below. 


p = 2 

p = 3 


l+x+x‘ 


1+ 2z+ 14x^38x^+902^^+1322:5+166x^+13 2rJ+S0z® 


+38x^+143:^^+2x^\x^^ 


4.3 Orient ed Hypergraphs 

As in the earlier chapters, wo use the weighted version 
of Burnside's lemma to calculate the number of oriented 
hypergraphs. We start with the contribution to dihypergraphs 
and pick out oriented hypergrophs from these bj^' eliminating 
the permutations which give rise to non-orientod hypergra.phs 
as was done in [49] . 

let Cj^(a) = contribution to oriented hyper graphs from 

(contribution to k-uniform hypergraphs by permu- 

formula. for the number of 
p can be written as 

directed hyporgraph of order 


tation a6 S ), 

ir 

Then by Burnside's lemma, the 
oriented hypergraphs of order 


k TI a (tt) 

I" - (TTs k=2 ^ 

The formula for the number of 
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1 * 

^ ^=2 1=1 {.4 


P k 

IT n 


IT rr 


^1 ^2 

>•? -Lp( 

^k, “k^- 


e • \J‘ 


k 


2 t a 


^ 1 ) 




(a) Oonsidor a cycle of length r and k-subsets froxc a single 
cycle . 


let 


A(rj,l£) = Number of cycles of length r permuted by k 


subsets from a single cycle of length r. 


If (rjk) = 1, tnon A(r,k) = 


and if, (r,k) = d then, /i(r,k) = 


X 


' ,/-rk\r 

^k ~ b/d ^^^b’b^ F 

>1 


(4.3.1) 


(4.3.2) 


So the contribution towards oriented hypergraphs from qycle 
of length r is 


^A(r,k) 

ar 


where 


= (1 + kl x"-') 


(4.3.3) 


Hence, total contribution from 3 ^ cycles of length r with 
k subsets from a single cycle towards oriented hypergraphs is 


n 


A(r,k )3 


a,. 


r 


(4.3.4) 


Example 4.3.1 


Consider a cycle of length 5 and 5 -subs at s 
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(12345) giTes rise to ( (123) (234) (345) (451) (512)) (other 5 cycles) 

( (124) (235) (341) (45 2) (513)) (other 5 cycles) 

(h) Consider two cj^'cles of length r^ and r 2 and k-suhsots 
such that elements are from a cycle of length r^^ and k 2 
elements are from a cycle of length r 2 . 

let (r^,k^) = d^ and (r 2 ,k 2 ) = d 2 . 


Contribution to oriented hyper^raph is 

ri r2 

1% rp kp “bT bl 

length 

\vV 

where b^^bp are divisors of d^^, and dp such that 


i l2 

^l’^2/ 


So the contribution from cycles of length r^ and 3 „ 

37 -1 JL 37 ✓ 

X i 

cycles of length rp can be written awas 


Ai^,% ^1 ^2 




^^ 2^^2 


JT n TT n_ 


f 1 ^2 



where A(r,k) is as defined in 4.3,1 and 4.3.2 and b^ and bp 

Al ^2\ / \ 

are divisors of d^^ and dp such that< ~ \ 1*^2' * 


(c) In general consider i cycles of lengths r^^^rpjr^, . ,.r^ 
and k subsets such that elements are from a cycle of 
length r^. 
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Lot 




^Contribution towards oriented hyporgrn,piis from k— subsets is 


r-, k, r, k^ r . k. Ut r- r_ 




2 2 


hT^hy b-, b 


a 


■1 "*2 


r . 
1 


n n n 

bi/di b2/d2 

b u 

^1 ^2 "i; 

where product is over all divisors b^ of d^ 


'i “i ~1 ^2 

h _ 


b, ’b^’ • •• b. 


a 


Such that 


'r^ r2 r. 

b7»br»br’ — F 

1 2 0 ly 


(r^,r2,r^, .... r^) 


and = (1 + k; x^) 

Thu0 the contribution to oriented hyoergrc.phs from 3 cycles 

^1 

of length r-, , j circles of length r^ .... etc. 3 cycles 
1 r2 ^ r^ 

of length ri, and k-subsets from different cycles is 


n n n XT 

W; VA Va®- r 

1 1 


^bi^b. 


12 

b, "• 


^i 


1 “2 


bi-a2^ 


^iy 


f2 

VV^2’‘*‘V 


^^1 ^^2 


'r . 
1 


Thus the formula for number of oriented hypergraphs of order 
p is 
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k n n n n tt n 

cc j L ^ l^ii ^i/^l 


p k 

n u 


n n TT n 


1 "l'“l “2' “2 


rr 

\/a. 


r-, k. r, k- 






A( 


^i) fi !2 

^ b. b. 


b. ^b 
1 1 


1 2 


_L f[2 f3 ^ 

‘^1 * • * * b 

b^'s are divisors of d^ such that 


h 


Ti h 

b ’b""^ * * 

ri 2 


b. . 
1 / 


^ri 


• 3- 


Li f2 ^ 

^b-i »bV “ * b.- 
!(. 1 2 1/ 


^l>^2> 


.... 


Por k = 2 the above formula reduces to 

^1 

°g 


i-X 

•n I TT^ 


ri-2 




n 


•Co> I r, 0 dd 


a 1 1 


n 


r^even 


1 n 

^i4^2 


^2 


X a 


<ri,r2>‘^ri 






-i_S 

« oV^3,i 


TI 3 c. 


n 

r^ odd 


r^-l r^-2 

°r TI a-r 

1 r^^ even 


2— Jj. 

^ n a 

^]4^2 <n''^2> 




where a^ = 1 + 2x^ which agrees with the resiilt in [49]. 
The numbers of oriented hypergraphs of order p = 2,5,4 are 
given below 
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P 234 


No. of oriented 2 49 1886325 

hyper graphs 


4,4 S elf complement ary Dihyp er graphs 

In [11] Prucht and Harary have counted generalized 
self complementary orbits. DeBruijn in [6] has agiven a 
general method count self complementary structure. Eere we 
count self complementaiy directed hyper graphs using deBruijn's 
generalization of Polya's theorem. 

Hypergraphs and H2 are isomorphic up to complementa- 
tion if 

either H2 or H2 

let and H2 be two hypergraphs specified by mappings 
f and g€ B . If a permutation (a? (0)(1)), where 
sends the mapping f to g then f and g represent isomorphic 
hypergraphs and if (a; (01)) where 1x66^ sends f to g then 
these two represent complementary hypergraphs. 

Now as in [6] we can easily prove that the number of 
dihypergraph upto complementations is 

1 ; 2,2,2, )) + 

2 k=2 ^ 

^ Z(sW ; 0, 2,0,2, 

k=2 ^ 


) 


( 4 . 4 . 1 ) 
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So aB in |[ 37 ] "biiB formula for number of self com 010110111; ary di— 
iiy p er gr ap lis 1 s 


- TT 0,2,0, 2, 

k=2 ^ 


The cycle index of for any value of p is equal to 


( 4 . 4 . 2 ) 


• <3}TIc'"3e'. ^=1 


ki -'-C. 


r,- 


( 4 . 4 . 3 ) 


'kn 




-rx 


^k 


X a 




^<r^,r2,r .r^) 


A 3 ^ 0 


r-L '^r2 ... 




¥0 can easily see that the odd cycles of length "y 1 give 

1 


rise to cycles of odd lengtn in a;d also 3-, cannot 


be more than 1. 


Therefore the permutations “ 6Sp X’fhich contribute to 
self complementary dihypergraphs are of the type 


3 i 32 3 ^ 

124 

ITox\r putting a 


'(r^,T^,iCy .... r^ 


= 0 or 1. 
= 2 


we have the formula for the number of self complementary di- 
hypergraphs of order p as 
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1 2 


P k 

IT TT 


n n 


C. . k=2 1=1 r2 . . ’|k}. 


C ^2 '. 

C *^0 


kl ^2 


^k ^^k 

J£l 


r 




z 2 


(^l’^ 2 ’**:^i) 


3ri 


^1 


1 ^ -O' V k 

^ -n: n 
^ ' ^=2 1=1 
C c* 


t £ 

i-i 4 V^h 

X 2 


X ^ 

"'k. 


i.SI/-V 


U- 




{^ 1 »^ 2 ’ •* *^i) 


3y» 3-y***^*^* 

^1 ^2 "i 


(4.4.5) 


, ^ P 

= p- ^ TT 29 (oc) 

l3}TJo'«o : ^=2 ' 


wile re 


kl (kj) (k^) ...(k|) 


9(a) = V V y 

^ L^ j-f /r, ,rp,r^ 

^=1 ^14^24^3 Hi \1 2 3 V 




Tlie above formula for k = 2 reduces to 


4-2 - 

izi TT. 


JBl o 9 (Q^) 


C ' 

C° ^C* 


; 


X 2 * ^2 

_£ 


"■i "*1 


3^ + 


E 21 


^1 ^2 . 


-1 =^1^^2^1755- 4 , S 
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^ 3?-l 0 + ^ 2(p r ) T 1 


1 "*2 


(4.4.7) 


■winch, is "blie fonnula for numher of self conplomenfary di^ro-piis 
as given in [37] 


Ho, of self complenentary directed liypor graphs upto P=2,3,4 is 
as follows 


, .2 

3 

4 

Ho. of self- 



comple .directed 1 

32 

134273264 

hypergraphs 




4.5 Self complementary Hyper graphs 

As in the case of previous seccion we make use of 
deBruijn’s generaliza bion of Polya’s theorem 1_6]. A hyper- 
graph whicn IS s elf complementary should have the following 
property . 

p^ = even for all k = 2,3,4? .... P-1. 

'"k 

he can easily prove that 

p^ = even for all k = 2,3? ... P-1 implies that 
"k 

■n = 2^ 

^ for some integer c 2 . 

or p =2^+1 

How let us consider the contribution to self complementaiy 
hyper graphs from permutations cc€Sp. The requirement is that 
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(a;p) f(d) = p (f(a(d)) for oil 

d£v(^) = set of all k-subsets of V, k=2,3, ... p-1 

ojid p = (01) 

¥e know that for k=2 the odd circles, and the cycles of 
length 4b+2 b>0 donot contribute. So the odd cycles 
OvUd cycles of length 4b+2 b‘>0 do not contribute to'^rards 
self complementaiy hypergriphs. Again a pemutation a whidi 

has a qycle of length r<p does not contribute to self- 
complenentary hyp er gro,phs . 

Eziaiiiple 4.5.3 

let p = 2^, and consider a = (1234 )( 5678) . 

If a gives a non zero contribution for k = 2,3,4 » .... 

¥e should have all cycles of even length in induced by a, 

ir 

But, when k = 4, say, the pemutation (1234) (5678) gives 
2 cycles of lexigch 1, namely (1234) and (5678) in 

ir 

So in general if a has a cycle of length 4a ^p, then for 
k = 4a, thejfe is one cycle of length 1, The only permuta- 
tion which contributes to self complementary hypergraphs of 
order p is a cycle of length p. Hence self complementary hyper- 
graphs has the vertex set of cardinality = 2^ a 2 
(since It} = 2^+1 = odd). 'To find the contribution to 
self complementary hypergraphs from a c^cle of length p = 2^, 
let A(p,k) = qycle of length p permuted by k-subsets lying 
on a cycle. 
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P Q 

A(p,k) = if (p,k) = 1 

Po,, - b/d 

= If (p,k) = d and 

P 

k divisors of d. 

Now k-subsets are permuted in 


A(|-,|) cycles of length. b divisors of d, where d = (p,k). 

In forming self complementary hyporgraphs we have 2 choices for 
each cycle. Hence the contribution to self complementary Iiyper- 
gro,phs of order p from a cycle of long oh p = 2^ 



2 


xvhere A(n 2 _,n 2 ) is defined in (^.5.1). 

Therefore the number of self complementary hypergraphs of 


order p 


= 1 El 

pL p 




where d = (p,k) and the summation is 
and A(n 2 _,n 2 ) is as given in (4.5.1). 


(4.5.2) 

over all divisors of d 


CJliapter 5 


TRAILS ITIVE DIGRAPHS 


One of the most challenging problems in enumera,tive 
graph theory is counting of transitive digraphs. This 
problem is more interesting because it has some applications 
in biology. It has been observed that the human bratn sends 
any message transitively. This means that instead of sending 
a message from 'a’ to 'b' and from 'b' to ’ c' the brain 
chooses the route from *a' to ' c’ directly. 

Related problems were solved by others. Transitive 
step type relations were enumerated in j_42] and vacuously 
transitive relations in [44]. In this chapter, we count 
some classes of transitive digraphs. They are listed as 
follows 

1. Self complementary transitive digraphs 

2. Eulerian transitive digraphs 

5. Hamiltonian transitive digraphs 

5.1 Self complementary Transitive Digraphs : 

As in the earlier chapters, we use the weighted version 


of Burnside's lemma 
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To get the contribution to self complementary transitive 
digraphs, v/e will start with the contributions to self- 
complementary digraphs and pi cl: out transitive digra,phs from 
these. Hereafter we >7rite in short s.c.t digraphs to mean 
s elf complementary transitive digraphs. 

¥e Imow from [37] that the contribution to self complemen- 
tary digraphs come from the pornulations of of fche type 

(1^^ 2^^ 4^^ 6^^ ) 3^ = 0 or 1 

If a has k cycles, we denote these by C2, 0 ^? 

C(a) 13 obtained from the contributions from the individual 
cycles and the pair of cycles of a, because such cycles and 
cycle pairs generate the edges of a digraph, l/e arrange them 
as follows 



(O2) 

( ) ? • . • • 

• • • * ( CJ ) 

First row 

(02^,02) 

( ) . . . . 

• • • • ( 9 ) 

2nd row 


( ^2 ' ^3 ^ • • • ' 

• • • # ( O2 9 


row ^^k-l»^k^ 

where (C ) and (C.,C ) denote respectively the contributions 
from the individual cycle and the pair of cycles and G^. 

For each choice of s.c.t. digraphs from individual cycles, 
the contribution from cycle pairs are written, How for all 
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dix f'ei’en'b choices for fhe firsf row, we ca,lculate fhe contri- 
bution to s.c.t. digraphs froia the remaining rows, iuid 0(a) 

IS obtained by adding all these. The weight contributions are 
then Slimmed over ct^ S and divided by p; bo got the general 
formula . 

5.1.1 Oontribution from individu'^l cycles of a6S : 

(a) Consider a cycle of lengch 2 
(12) gives (12 + 21) 

where (ij) denotes the directed edge (i,o). lor selfcomple- 
menta.ry digraphs, we hsive two possibilities namely 

f(12) =[^ 

and both are transitive. So, the contribution is 2^. 

(b) Cycle of lengih r > 2 contributes 4 to s.c.t, digraphs 


Consider a cycle of length r 2. 
(1254567 r) yields 


(12 54 56 ... 

. , . r-1 r + 23 45 67 ... . 

. . . rl ) 

(15 35 57 ... 

. . . r-1 1 + 24 46 68 . . . , 

... r2) 

(14 36 58 ... 

... r-12 + 25 47 69 

. . . r3 ) 

(15 37 59 ... 

, .. r-13 + 26 48 610,... 

. .. r4) 

(Ir 32 54 ... 

, . . r-lr-2 + 21 43 65 . . . 

... rr-1) 


A cycle of length r induces r-1 cycles eadb. of length 
r, and for self complementary digraphs each cycle has two 
possibilities. They are 
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f(li) = { ^ 

To prove taat there are only 4 s.c.t. digraph, wo concen- 
trate on the first two cycles. 

Vo start with 

f (12) = I 1 and f (13) = { ? 

and show that, 

f(12) =1° implies f(14) = f(16) = f(l8) = ... = f(lr) = 

(5.1) 

and 

f(13) = implies f(15) = f(17) = f(19) = =f(lr-l) = 

when we impose transitivity. 

(1) Let f(13) = 1 

then f(l3) = f(35) = f(57) = = f(r-l 1) = 1 

The existence of 13 and 35 forces the existence of 15 for 
transitity, and similarly the existence ^f 13 and 37 demands 
that f(17) = 1 etc. 

So, f(13) = 1 implies f(15) = f(17) = f(l9) = ..=f(lr-l) = 1. 

(ii) let f(l3) = 0. Then f(24) =1. 

f(24) = 1 implies f(46) = f(68) = ,..=£'(r2) = 1. 

If 24 and 46 occur then 26 should occur. So, f(26) = 1. 
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j 2<x and 410 fonce tliG ozistence of 210 
i.e. f(210) = 1 etc. 

So, if 

f(l3) = 0 then f(l5) = f(i7) = f(i 9 ) ^ =f(lr-l) = o (5.3) 

(ill) Suppose f(12) = 1. Then xvnether 

f(13) = 0 or 1, f(l4) = 1 = f(16) = f(18) ... = f(lr). 

This is because of the following fact 

If f(l5) = 1, then f(l3) = 1 = f(34), then 
f(14) =1 for transitivity. 

Also we know that 

f(13) = 1 inplies that f(l5) = f(17) = f(l9) = ...=f(lr-l) = 1 
In this case 

f(l5) = f(56) =1 implies f(l6) = 1, and 
f(17) = f (78) =1 means that f(l8) = 1, etc. 

^o we got 

f(l2) = f(l4) = f(16) = = f(lr) = 1. 

If f(II;3) =0, then 

f(12) = 1 = f(24) implies that f(l4) = 1 
Similarly we get 

f(l2) = f(14) = f (16) = f(18)= = f(lr) = 1 

Hence 

f(12) = 1 implies that f(12) = f(14) = f(l6)=. . .. = f{lr) = 1 
for both f(13) = -[J 
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(iv) Lot f(12) = 0, then f(23) = 1. 

f(l3) = 0 or 1, f(14) = f(l6) = f(18) = ....=f(lr) = 0. 
This IS because if f(13) = Ij then f(23) = f(35) = 1 \rhich 
inplies that f(25) = 1 for tr'^nsitivity . So f(14) = 0. 
Similarly ue get 

f (16) = f (18) = = f(lr) = 0. 

If f(l3) = 0, then f(24) = 1. 

So ue have f(2a) = f(<v5) = 1, vhich implies that 

f(25) = 1 for trinsitivity. That is f(l4) = 0. Sinila,rly , 

V70 get 

f(l6) = f(18) = .... = f(lr) = 0. 

Honce, 

f(12) = 0 implies 

f(12) = f(14) = f(16) = = f(lr) = 0 for both 

f(13) = (5.5) 

Thus wo are left with 4 possibilities namely 

f(12) = f(14) = f(16) = = fCli-) ={i 

f(l3) = f(15) = f(17) = = iUr-1) (5,6) 

and these four digra^phs can be written as follows 
1) 12 34 56 ... r-lr 2) 12 14 16 Ir 

13 35 57 ... r-11 32 24 26 2r 


14 36 58 ... r-12 42 3^ 36 3r 

15 37 59 ... 3^-13 52 54 46 ...... 4r 

♦ 

Ir 32 54 ... r-lr-2 r2 r4 r6 r-lr 
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21 

45 

65 .. 

. . . rr-1 4 ) 

21 

41 

61 .... 

. . . . rl 

31 

55 

75 .. 

. . . lr-1 

25 

42 

62 .... 

» • • # 3r* 2 

41 

65 

85 .., 

. . . 2r“l 

24 

45 

65 .... 

. . . . r5 

51 

• 

85 

95 

. .. 5r-l 

25 

• 

45 

64 . . . . 

. . . . r4 

• 

rl 

25 

45 ... 

, . . r-2r-l 

• 

2r 

4r 

6r . . . . 

> . . . rr-. 


Now observe that in the first digraph we have all r^l 
edges starting with 1, and r-1 edges starting with 5 etc. 
Similarly wo have in the 4th digraph all edges starting with 
2»4,6, ... etc. let us denote these digraphs by a vertical 
figure with subscript 1 at the bottom to denote the edges 
are left fixed by the elements. So the first digraph will bo 
denoted as 



and 4th digraph is 



L 
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Sinilarly the 2nd and 3rd digraphs have all edges ending uith 

2,4,6, .... r and 1,3,5, r-1 respeotivel 3 r. These are 

denoted by vertical figure witii subscript h at the bettor: to 
denote that the edges are rijlit fised. Therefore, 


2 ' 

4 

6 


IS the 2nd digraph and 



1 

3 

5 


is the 3rd digra.ph 


r-lJ 


R 


Exanple 5.1 


Consider a cycle of length 6. 


(123456) 

gives 

(12 

34 

56 + 

23 

45 

61) 







(13 

35 

51 + 

24 

46 

62) 







(14 

36 

52 + 

25 

4l 

63) 







(15 

31 

53 + 

26 

42 

64) 







(16 

32 

54 + 

21 

43 

65) 



the four 

s.c.t. 

digraphs are 





12 

34 

56 

12 

34 

56 

23 

45 

61 

23 

45 

61 

13 

35 

51 

24 

46 

62 

24 

46 

62 

13 

35 

51 

14 

36 

52 

14 

36 

52 

25 

41 

63 

25 

41 

63 

15 

31 

53 

26 

42 

64 

26 

42 

64 

15 

31 

53 

16 

32 

53 

16 

32 

54 

21 

43 

65 

21 

43 

65 





Tli^ are denoted by 
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^ > b R respectively 

I’/o consider two cycles, one of length ojid another 
of length I2. Call those cycles 0^^ and O2. Ihoy give rise 
to 2(L2 >Ij 2) cycles , each of length » where 

(1^,12) = g.c.d. and = l.c.n. of 1^ and There 

are 2^1^ 2^ choices for the self coraplcaientary digraphs. Out 

2 { 1^ , I2 ) 

of 2 choices we have to see how laany are transitive for 

different choices of edges fron individual cycles, that is, 
contribution to (02^,02) for ea,ch choice of s.c.t. digra.ph 
fron cycles and G2. 

(2) 

Let A-j^ ^ denote the contribution for s.c.t, digraphs fron 
k cycles of length 2, for a pa,rticular choice of 


k edges fron individual cycles. 


lemna 5.1 


Contribution fron k eyexLes of length 2 towards s.c.t. 


digraphs is 


2^ 742) 


(5.8) 


£ {^k-l-r + 4^^ 92^^) - 


"k-l-r 

(5.9) 
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6 



where 

r. Tr, /o^ 

9i(n)=r 

t-l-r 

9p(x) = Z^ 0 

x=0 


a(2) 


X 


Initial values are = 1; and A^^^ 


Proof 


( 5 . 10 ) 


(a) Gontritutioii fron 2 circles of length 2 

Consider 2 cycles (12) and (34). ^^e shrAl prove that 

A^^^ =4. let C^ = (12) C2 = (34) 

(12) (34) gives (12 + 21) (34 + 43) 

(13 + 24) (31 + 42) 

(14 + 23) (41 + 32) 

JTow for a particular choice from individual cycles and 02? 
say for f(l2) = 1 = f(34), let us consider s.c.t, digraphs. 

(1) If f(l3) =1? then occurrence of f(13) =f(34) =1 
implies that f(14) = 1 for transitivity and if f(31) = 1? 

then f(31) = f(l2) = 1 implies that f(32) = 1. So, we get the 

edges 

13 31 

14 32 (5.11) 

(ii) let f(l3) = 1» then f(l4) = 1. 

If f (31) = 0 that is, f(42) = 1, then also f(32) = 1 because 
of the fact tha.t. 



i- 
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xf f(41) 1, tiien f(34) - f(41) = 1 inplies that 

~ ^ whicii IS a contradicfcioxi. Hence, f(32) = 1. 

So, we have 

13 42 

( 5 . 12 ) 

(lii) Let f(l3) = 0, then f(24) =1. 

Occurrence of f(l2) = f(24) = l mplres that 1(1^,-) = 1 
for transitivity, and if f(31) =1, then f(31) = f(12) =1 
implies that f (32) = 1. So, we get, 

24 31 

52 ( 5 . 13 ) 

(iv) Suppose f(l3) = 0, then f(24) = 1, ojid if f(3l) = 0, then 

f (42) - 1. f(32) =1, Otherwise f(41) =1 and 

f (34) = f(41) = 1 implies that f(31) =1 which is not true. 
Hence, we have 

2^1 42 

14 32 (5.14) 

In all we get 4 digraphs only, and they are 

13 31 13 42 24 31 24 42 

14 32, 14 32, 14 32, 14 32 

In the first digraph 1 and 3 arc left fixed. In the second 
digraph 1 is left faxed and 2 is right fixed. In the third 

digraph 3 is left fixed and 4 is ri^t fixed. In the fourth 

digraph 2 and 4 are right fixed, Ihese can be denoted as 
below with the help of a horizontal figure 
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[lj3» ] , [1; 2]^^, [3y 4]22 [ } ^»'^]* 

The suffixes show with respect to which the elements are 
fixed. The elements before semicolon are left fixed and 


after 

it are 

right fixed. 

In general. 



[1, 3, 

5, 



. . . , r^^- 

■fr2-l ,• 

] (5.14a) 

[1,3,5 


, r^-l ; 2,4,6 

y • 

l^p-j +lz*-j + 2z*-| +3 ^ • 

. -r^+r^ 







(5.1^b) 

[rp+l. 

^1+3, 

rj^+5, ....,* r 

l+2,ri+ 

4 , r^+6 

9 • • • 

123.. .r^ 







(5.14c) 

1 ,* 

2,4,6, 

• • • ^2_» jt’2_+2. 


0900 

1 

(5.14^) 

mean the following digraphs 




Ir^+l 

3r^+l 

1 *i~ 3. • • * Z* "1 ' 

-Ir^^+l 

r^-rll 

r2+31 .... 


lr^+2 

3x*^+2 

5ri+2 ... 

-lr^+2 

r^+12 

z*2^+32 0000 

r^+r2-12 

lrj_+3 

3r^+3 


-lr^+3 

rj_+13 

rj^+33 .... 

r3_+r2-13 

• 

• 






(5.14 


3ri-br2 

^^l'*'^2 * ' ^1” 

-Ir2+r2 

^1+1^1 

r^+3r^ ... 

r^+r2-lr3_ 







(5.14e) 

ITj^+I 

3r2^+l 

, , . r^-lr^+l 

r^+12 


. . . . r^ "i~lr-| 


lr2+2 

3r^+2 

. , . r^--lr^+2 

r3_+22 

r2^+24 

. . . , 1*2^+ 2r2 


11-1+3 

3ri+3 

. . . 

r3^+32 

r2^+34 

, . . . ^ih3rj_ 

9 


iTi+ra 3rj+r2 .. r^+i‘22 ^ 1 +^ 2 ^ (5.14f) 
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^1+31 , . , 

rj^+rg-ll 

lr^+2 

1^2_+4 .... 

lr^+r2 

rj^+12 

^2.'^3 2 ... 

ri+r2-12 

2r^+2 

2r^+4 .... 

2r^+r2 

r^+13 

r^+33 , . . 

ri+r2-13 

3rj_+2 

'^Tj+4- # • • « 

3r^+r2 

• 

r3_+3r3^... 

rj^+rj-lri 

r j^r-j + 2 

riri+4 . , . , 

r^r^+r, 


and 


r^H-12 


lr^+2 

Ir^+^r • • • • 

Irj^+r2 

rj^+22 

r^+24 . . . rj^+2r^ 

2r^+2 

.... 

2rj_+r2 

rj+32 

0 

r^+34 . . . r^+3r^ 

3r^+2 

3r2+4 .... 

5n+^2 

• 

ri+r22 

2^ * * ^l'*‘^2^1 

Vl+2 

rirj_+4 .... 

r^ri+r. 


rospoctivoly . 
For example. 


(5.14g) 


(5.14h) 


[l,3,5j7,9 ,* ], 


[1,5»5 3 

[7,9 ; 8>10]i23456’ 
and [ ; 2,4,6,8,10] 

mean the following digraphs 


17 

37 

57 

71 

91 

18 

38 

58 

72 

92 

19 

39 

59 

73 

93 

no 

310 

510 

74 

94 




75 

95 




76 

96 


17 

37 

57 

72 

74 

76 

18 

38 

58 

82 

84 

86 

19 

39 

59 

92 

94 

96 

no 

310 

510 

102 

104 

106 , 


9 



81 


71 

91 

18 

110 and 

72 74 76 

10 

110 

72 

92 

28 

210 

82 84 86 

28 

210 

73 

93 

38 

310 

92 94 96 

38 

310 

74 

94 

48 

410 

102 104 106 

+8 

410 

75 

95 

58 

510 


58 

510 

76 

96 

68 

610 


68 

610 

¥0 

have 

^( 2 ) 

-r • 





¥0 

have 

also seen that 

^( 2 ) , ,, 
= 1 . ‘/e { 

iefine =1. 

D 

And 

for 

each 

. choice from individuc,! cyclos 

the 

contribeition 

towards 

s.c. 

t. digraphs IS 

same, and there 

are 

2 

2 choices fro: 


individual cyclos 0^ and C2. So th.e contribution fron 2 
cycles of longth 2 is 

2 ^ 

(b) Contribution from k cycles of length. 2, k ^ 3 
Consider k cycles of length. 2. 

Say C^ = (12), C2 = (34), C^ = (56 ), C^ = (2k-12 k) 

Let the term box mean the contribution towa,rds s.c.t. digraphs 
from a pair of cycles. 

Low, 

(12) (34) (56) (2k-l 2k) gives 

(12+21) (34+43) (2k-12k+2k2£-l) 

(C^,C2), ........... (C^^,'.^) 

(Og.Oj), (Oa.Ofc) 

( , 0 . ) f ( » 

Lor a particular choice from individual cycles, say , 
12,34,56, ..., 2k-l2k, we have 4 choices for each of the 



above boxes 
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'I'ti-iS) can be represenbed dxagraxie.'fcically as 


;iven beloxr 



• • « • • • • 



1st row 




2nd roxr 


iC-l Z*OX7 

where xii each box there arc 4 possibilities for s.c.t. 
diagraphs . 

Now consider 2 boxes (Cj^jC^) and from t-ae first 

row. 



The choice of one clement each from these txfo boxes 
forces the selection of the suitable elements from tlio third 
box (C!j^,0 ). 

(3l,0i) has four elements. They are 

1^1, i / J, j^l f ^^ii+1 ’ ’ ^"^^^12 L* f 1+1 J 

and similarly 
(C^,C^) has 

[1,3 > j » [_1 } f \_d } 3'^13p2 L > 

Now for all different choices of elements in 
(0-,,0 ) let us see what happens to the box (C ,0.). 

J- J 1 J 
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1. Consider the cnoice |_l,i . ] and [ ; 2,j+l| fron (C^,:^) 
and 

[1,1 ,• ] [ *2, 0+1 j moans 

li il 2o+l 3+12 

li+l i2 I3+I 32 

10+1 on-1 

Non we have 2 choices ±3 or i+1 3+1 for ^ 

But hoth give nontreinsitive, since 

if we choose 10 then li and ±0 together implies that I3 should 
occur but lo IS not present and if we choose i+l o-!-l then 
1+1 0+1 nnd 0+1 2 together fores the the presence of i+l 2 
wnicn IS not present. Hence this combination gives non— 
transitive digraphs. 

2 . Consider tno two elements [1 f 2 T . . and [1 j 2 J from 

(0^,0^) and (C^,C^) 

ll»*2.1ii+i [1 > ^^00+1 

li 1+12 lo 0+1 2 

li+l i 2 lO+l o 2 . 

Here we can easily verify that all the 4 choices for the box 
(CfyC^) give transitive edges. 

3 . Similarly, the combination 

[1 ,• i+l]j^2 1 3 > ^11 choices for the box 
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4. We call easxly verify that all other conDinations give only 

1 possihility for the box (C! ,C ). 

1 J 

For examplo, consider 

[1,1 ; ] and [1 ; iron 

(Ci,G^) rospcctivcly . 

[1,1 ; ] j_l ; noans 

li il I 3 . 3+12 

li+l i2 I3+I 32 

occurrencG of il and I3+I implies tnat i 3+I occurs 
occurrence of il and I3 implies that 13 occurs 3+I i+l also 
occurs, otxicrwise we have the choice 3! but, occurrence of 
31 and il implies that 3I should occur ^diich is not present. 
So, tne choice for the box (0 , G ) vrtll be 

_L. J 

i3 3+1 1+1 

i3+l 3i+l i.e, [1 ,• i+l]^j^3_. 

(2) 

To find formula for ' 

Ghooso one element each from two boxes in the first 
row which combine xfi'ch 4 elements in the third box, in 
some other suita.blc ro^'?’ to yield 4 s.c.t, edges. This nay 
happen for some pairs of boxes in the first row. However, 
the final number of s.c.t. digraphs is not simply a product 
of these. This is because that among themselves these edges 
may not satisfy the transitivity. 
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x’or exa,mple. 


consider a = (12) (34 ) (56 ) (78 ) (910) 

where 0^ = (1?), = (5.,), 3, = (yg), 0^(910). 

Suppose ttiut wo choose 12,34,56,76,910 os the ccutrlbutioii 
from individuol cycles for s.c.t. edo-es. 


[ 


• • • • 



EH] 


DEE 


D:-:-n 


let us clioosG 

L •-•.'iTJ 

[1 f ^^34 > [1 5 ^ ^-78 

first row. 


Considering two boxes at a time from the firsn row we 
see CjIi j c the last column contributes only one choice for s,c*t 
edges. And the boxes ( 02 ^ 03 ), ( 02 , 0 ^) and (C^^C,), have 4 
choices for s.c.t. edges for the ciioice of 3<,56,78. Row 
wo have 4 elements from each of these boxes but all 4 ^ s.c.t. 
edges are not tra.nsitive. The nunber of choices for these 
three boxes consistent with transitivity is 

For the general case h -1 boxes in the first row are divi- 
ded into different parts as discussed below 

let r boxes in the first row be of the type 

Ll,i ,* ] or LI / 

and remaining k-l-r boxes be of the type 
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[ ij I » 2, 3+1] 

How fciiGre are three cases 
Case 1 

If at least one box among the r, in the 1st row is of 
Ghe type [1,1 ,• ], then rll h-l-r boxes should bo of the typ; 

and say n of the r arc of the type |1 ,• 21 

L » '33+1 


and r- 

-n are 

o 

xl 

-p 

o 

type 

[1 . 

1 ; 

]• 

So, 

k-1— r 

boxes 

are 

of 

the 

type 


1+1 

1 

-'12 

n 

boxes 

are 

of 

the 

type 

LI : 

• 2] 

3 3+1 

r-n 

boxes 

are 

of 

the 

typo 

[ly 

i 9 

3 


i~>o thnt total number of s,c,t. edges for this peirticular 
choice of the 1st row is 

a(2) ,(2) 


‘n ^'^k-l-r 
Hero n varies from 0 to r-1 


So, we get 


r-1 

r 

n=0 


0 .( 2 ) .( 2 ) 

"^n ""n ^"k-l-r 


Clio ices 


(5.15) 


Case 2 

If at least one box among k-l-r, in the first row is of 
th-* type I f 2f m+1], then all r boxes should be of the type 
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Say X of the k-l-r are of tae type [_i ,* i+l ]22 
and k— 1— r-x are of the type [ ; 2, n+l]. So in "'ll in the 
first roxr we liavo 

k-l-r-x boxes of the type [ ,• 2, n+l] 

X boxes of the type [i ,• 

r boxes of the typo [1 ; 

hence we have 

( 2 ) ( 2 ) 

s.c.t. odijes for this particular choice of x. 
X varies iron 0 to k-l-r-d. . So, we have totally 

2g /(2).(2) 

^x X choices (5.16) 

x=0 
Ca.se 3 

'lien no box in the first row is of the typo 

[1. 1 / ] or L ; 2, n+lj 

That IS, all the r boxes are of the type [1 ? 

n,nd all the k-l-r boxes are of the type |_i | i+l] 22 * 

So wo liavo, 

^(2)a( 2) choices (5.17) 

r k-l-r 

Now adding (5.15), (5.16) and (5.17) and varying r fron 

0 to k-1 we got the total contribution for a particular choice 

( 2 ) 

of edges fron individual cycles, that is, Aj^. as 
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A- 


( 2 ) _ 


■k 


W k-1 
r=0 


"'•^0 /( 2 ) ,( 2 ) + 


k-r-2, 

k« 

x=0 


•r-2 




A -T 


+ A 


( 2 ) 


(2) 


Substituting 9 ^Cn) = -^4^^ 

n=0 


k-l-r 


} 


(5.18) 


and 


k-l-r k-l-r 

9zM = Z 0^ a 

x=0 - 


( 2 ) 


.( 2 ) 


In (5.18) WG got tLs lornula for as (5.9), 

And tiio tota.1 contribution fron k cycles of leiigth. 2 is equal 
to 


2^ A (2) 


(5.19) 


Hence the lenma 5.1. 
lemma 5.2 

Tor the contribution from pairs of cycles of longch 
r > 2 the length r is immaterial. 

Proof 


Por the contribution fron pairs of cycles of length r > 2, 
¥e will show that the contribution is independent of the 
length r. In otherwords, k, cycles of length r^> 2 and k 2 
cy cles of length r 2 > 2 contribute the sane as k^^ + k 2 = k 
cycles of length 4. Por this we will consider two cycles, 
one of length rl > 2 and another of length x *2 > 2 and show 
that the contribution is independent of lengths of the cgi^cles. 
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Let 0^ = (123456 .... and 

= (r^+1 rj+2 Vj+3 r^+4 ^1+^2^ 

I'/G have seen that there arc 4 choices fron cyclco 0^, and 

^2 for s.^.t. digiaphs. for the choice iron individual 

cycles there are 3 different cases to bo considered. 

Case 1 left fixed edgos Iron both cycles 

Case 2 left fixed ed^os iron one inc’ividual cycle 

and rifht fixed edges fron the other 
ease 3 Right fixed edges froa both the cycles. 

Case 1 left fixed edges fron both tno cycles 


Say, we have chosen 


1 


rT+1 

5 


ri+3 

5 

• 

and 


• 


• 

L^i-iJ 

1 



Now we shall prove that there are only 3 different choices 
for the box (Cj_,C 2 )s, nanely 


[1,3,5, 

...... r3_. 

-1, r^+1, ; 


^ ] 

(5.20) 

[1,3,5, 

"‘ 1 - 

“1 / 2 ^ y 6 y 

"iVi, 

V2+2^ * 

(5.21) 

[r^+l. 

ri+3 , 2'j^+5i 

, . . ^2+^2' 

-1; r^+2, r^+-r, .. 

^l'^^2^1234. 

•''l 






(5.22) 

( 12345 . 

. .rj_)(r^+l 

r^+2 r^+3 

. . . i* 2 +r 2 ) gives 
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(lr^+1 3 rj +3 ... + 2rj+2 4rj^+4. . ) (tj+II r^+33 

(lr^H-2 3 r ^+4 .. + 2r^+3 4r^+5 _) (rj_+21 r^+43 . 
(lr ^+3 3r3_+5 .. + 2r3_+^ 4 r^+ 6 , , ) (r^+31 r^+53 .. 


To show that thoro are oiil^r 3 choices xrc 
first row. 


jncentj 


(la) Start with 

~ 1? tiler tile presercG of 


we have all edges 


r-, +1 
rJ+3 


V^2- 


i’l+l r3_+2, r3_+l r3_+3, r^+1 r^+4, ... r^+1 rj+r2. 

So f(lr^+l) = 1 = f(r2+l r^+i) for 1 = 2,3,4, ... 
that 

f(l r^+i) = 1 for i = 2,3,4, . . . r2 


ITow if f(r2+l 1) =1, then the presence of 


1 

3 

5 



-1 


denands the existence of the edges (r^+li) for 

So, f(r^+l 1) = 1 for i = 1,3,5, .. r^-1 

(5.23) and (5.24) give 
[1,3,5, ..., r^-1, r^+1, r^+3, ...» 


. • • r 1 “j~ 22 r^'4"^4 • ) 
•+3? ^+32 ..) 

r r2^+42 r^-t-S-r . . ) 

'ate on the 

noens 

•1 

r 2 laplics 

(5.23) 

1 

L = 1,3,5,, . .r^-1. 

(5.24) 


X* "! ‘i" JC y • • ♦ J 


(5.25) 
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(lb) If f(l r^+l) = 1 "then 

£{1 rj_+i) = 1 for all 1 =1,2,3,., ... (5.20) 

If f(r2^+l 1 ) = Oj them f(r ^+2 2 ) = 1 
and also n.1 1 


fCr^+i 1) = 0 for all i 
This IS bocauso of tho fact that 


if fCr^^+i 1) — I5 then considering the odgo r^+1 r^+i 

ri+1 1 

r^+3 


fron 


r^+r2— 1 


xrc have f(rj_+l 1) = 1 xzliich is 
a contradiction. 


Hone G 5 TVG have 


f(r^+i 1) = 0 for all 1 = 2,3,4, 


So, f(rj^+i+l 2) = 1 for all 
From ( 5 . 26 ) and ( 5 . 27 ) xfo get 
[ 1 , 3 , 5 , .. , rj_-l ,• 2, -1,6, 8, 


i =0,1,2, . . r2-l 


’ ^l^rj^+1 r^+2 r^+3.... 


(Ic) If f(l r^+ 1 ) = 0 , then, f(? rj_+ 2 ) = 1 , 

and also f(l r^^+i) = 0 for all 1 odd. 


This is because 


(5.27) 


ri+r 


2* 


from 


f (1 r^+i) = 1 

pl+1 


and considering the edge (r^+i 2*^+1) 

we shoxld have f(lr2+l) = 1 vrhich 
is a contradiction. 




I 
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lion f{lrj_+i) =0 for oil i = 1,3,5, .... ^j-l noojis tliot 
f(2 rj_+i+l) = 1 for all i = 1,3, ... r2-l 


ajid the presence of 
all f(l r^+i+1) = 1 



x_iplics that 


for i = 1,3,5. 


• • r 2”^ < 


Thus wo have 


f(l r3_+i) =0 for i = 1 , 3 , 5 , ... r2-l 

=1 for 1 = 2 , 4 , 6 , ...r2. 

If f(r^+ll) = 1, then the presence -f 

xnplics that 

1 

all f(r^+i 1) = 1 fox'* i = 1 , 2 , 3 , .... r2 
So, we get 

rjj^+5, ..., r2_+r2-l,* 3:*2_+2, r2^+4, 

from ( 5 . 28 ) and (5.29). 

(Id) ¥o know that 

f(l r^+l) = 0 implies that 

f(l r^^+i) = 0 for i = 1 , 3 , 5 , ... 3:*2“1 

= 1 for i = 2 , 4 , 6 ,,... r2. 


1 

3 

5 


( 5 . 28 ) 


( 5 . 29 ) 


^ 1 ^^ 2 ^ 1234 . .ro 


and 
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i(r^+l 1) = o implies that f(r^+2 2) = 1 and .re have 
the edge 2 r^+4. 

So, f(r^+2 r^+4) =1. But in 
this edge doos not occur. 


r-j+l 


Tji-jC 2"“^ 


JiencGj, ciilG possioility is ruled out, So^ in nil ^le get 
only 3 dilforent choices for the bor (0^, no.mcly 

11,3,5, ..., r^-1, r^+1, r^+3, r^+r 2 -l ,• ] (5.30) 

•• .. (5.3I) 

|.rj_+l, rj_+3, ... r^+rj-l; r3^+2,rj^+-’ , . . ^+^2,423/.. .r <5.32) 

C-'ase 2 


For the 2nd choice that is left fixed edges from one 
cycle and right fixed edges from other, we have 2 choices 
for ( 0 ^, 02 ) namely. 


|[lj3,5,7, r^— 1^ 2, 4 , 6, 8, 

[r2_+l,r^+3, . .r2^+r2-l,* rj_+2. 


^l^r^^+l r2^+2 1*2+3 . . ‘^p+^p 

( 5 . 33 ) 




. . 3:*i+=>^2^1234 


• n 

( 5 . 34 ) 


Proof is similar to the case 1. 


Case 3 


For the 3rd choice, that is, right fixed edges from both 



tl-ie cycles, there are 3 choices for (1^,02). They are 
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[1»3,5, r^-l; 2,4,6, .. r-,] 

iJr^^+l r3_+2 r3_+3 .. r^+r^ (5.35) 

[r^+l.r^+3,r^H-5, .. r,+2, .. 


L ; 2,4,6,. ,r^, rj_+2, r^+;, ... rj_+r2] 

This can bo proved as in the case 1. 


(5.57) 


Thus the contribution is independent of lengclis r^^ and r 2 - 
Hence the lema 5.2. 

Example 5 . 2 


Consider 2 cycles one of length 4 ajnd other of length 8. 


let Cj_ = (1234) 

O2 = (56789101112) 

(1234) (56789101112) gives 

‘^l^) (51 75 91 115 + 62 84 102 124) 

(17 59111 

(18510112 36 + 29411 25 


(a) 

le 


56 + 29411 
let us choose and 


a) (81105121 65 + 92114 

' 5l 

from cycles and G 2 


7 

9 

11 


102 

124) 

112 

54) 

122 

64) 

52 

74) 

0 

ro 

• 

That 


is, left fixed edges from both the cycles C^ and C 2 . 
(al) Start with f(15) =1. 


In 


5 

7 

9 

11 


we have all the edges 57,58,59,510,511, 512, 
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which implies that 

f(l6) = f(l7) = f(lg) , ^ ^ ^ ^ ^ 

(5.38) 

for transitivitjT-^ 

let f (51) = 1. The preeonoe of [1]^^ jo-ma the.t wo hevo 
edges 12,13,1.;^ 

which implies tliat 

f(52) = f( 53 ) = f ( 5 ^) _ 2 _ trmsitivitj?- . (5,39) 

£)0 wo have 


[.lj3>5»7»9, 11 ; J (5,40) 

from (5.38) and (5.39) 

(aii) Ue know the t f(15) =1 inplioc bliat 

f(l6) = f(17) = f(18) = f(l9) = f(llO) = f(lll) = f(ll2) = 1 

If f(51) = 0, then f(62) = 1 (5. 'll) 

and all f(6l) = f (71) = f (81) = f(91) = f(lOl) = f(lll) = f(i21) =0 

because of the fact that 


f(5l) — 1 — f(56) implies that f(51) =1? which is a contra~ 
diction. 

This means that we ho.ve 


f(51) = f(6l) = .= f(121) = 0 

ard f(62) = f(72) = = f(52) = 1 (5.42) 


from (5.41) and (5.42) we have 
[l,5j 2,4]55yQg3^Q^3^12 


(5.43) 



(aili) If f(15) = 0, then f(26) = 1. 
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¥e also should have 

f(15) = f(17) = f(i9) = £(111) = 0 (5.44) 

because, £(17) = f(75) = 1 inplios that f(15) = 1 whioa 

IS a controdiction , 

which neans that 

f(26) = f(28) = f(210) = f(212) = 1. 

And the presence of implios that 

f(16) = f(l8) = f(llO) = f(112) = 1 (5.45) 

If f(51) = 1, then ¥0 kno¥ that 

f(6l) = f(ll) = = f(121) = 1 (5.46) 

So, froii (5.4 r), (5.45) and (5.46) we get 

[5,7,9,11 ; 6,8,10,12]^254 (5.47) 

(aiv) Wo know that 

f(15) = o implies thc,t 

f(l7) = f(l9) = f(lll) = 0. 
and f(l6) = f(18) = f(llO) =f(112) = 1. 

and f(5l) = 0 implies tnat f(62) =1. 

Now we have the odge 28 and 62, so f(68) = 1. But in 


5 

7 

9 

11 


the edge 68 does not occur. 


1 
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Hence this possibility is riilcd out. So, in for 
(01,02) ue have only 3 choices, Ilonely, 

[ 1,3 ,• 

L1»3,5,7,9,11 ] 

[5,7,9,11 ; 6,&,10,12]^234 

let 

/ /I '\ 

'^k(r) '^.enote the contribution to s.c.t. diyr-^phs frora 
k cycles of length 4 for 0 particular choice of 
k-r left fixed edges and r right fixed edges from 
individua,! cycles. 

lemm 5.5 

Contribution from k cycles of length r touards s.c.t, 
digraphs IS 

2^ ^ ^^r (5.48) 

r=0 


and 


A. 


(4) 

•k(r) 


is given by 


A. 


(4) 

k(r) 


r 

= r, 

n=0 


0. 


k-l-r- 

r 


k-l-r 


’n t=0 


"■fc /n 

m=0 


'0^ 9(t,n,n) 


where 

9(t,in,n) = "^m+aCn) 


(5.49) 


(5.50) 



Proof 
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The procedure is sane as in the case of cycles of length 


Let the cycles he , .... c,^. 

Suppose that fron cvclcs nor 

^y we have chosen 


’h— r+1 ^ -r+2’ • • • • j C-j^ uo ha-ve the 


left fixed edges and from 0. 

right fixed edges. The situation now can he thought of as 
follows 


kiO L::J [••• 1 

e: “E FI 

Cv-vi r*** t 

EE L-t l-l 

where the first row has 

LE LE 
PE 


^k-l-r 2 ^ possibilities. 

For ca.ch of the k-1— r hox we have 3 choices, namely, 

[ 1 , 3 , 1 , 1+2 ,• ] + [ 1,3 • 2 , 

+ 12 ., 1+2 ? i+1,- i+31j_234 

s-nd for each of the r boxes we have 2 possibilities, namely 
[1,3 ,* ^>^]2.±+1i+2i.+3 » ^■*'^»^‘''5]i234 

Let us consider a general situation for the first row 


where the k-1 boxes are divided into many parts as discussed 
below. 
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Suppose that among, h-l-r, 

t arc of the typo Ll,3,i,i+2 ,• J or [1,3 2, 21+3 

and h-r-l-t arc of tho type [i,i+2 ,• i+l, i+3]^_, 
and among r 

n are of the typo [1,3 2,4]^^^.3_.^2i+3 

and r-n arc of the type [i,i+2 ,• x+1, 1+31-,,,, 

let n bo of tho type [1,3 ,• 2,4]j_^^.^^^2i+3. 

So in all we have rn the first roi;: 
m of the typo fl,3 ,* 2,4]^^^;^^^2i+3 
t-m of the type [l,3,i>i+2 ,• ] 
k“r"l-t of the type [i,i+2 ; 1+1,1+332.23' 

n or tho typo LI, 3 ,• 2,-: lu+u+Pi+j 

end r-n of the type [i,i+2 ,• i+l, i+3]2_234 

Ihat IS , 

m+n of tho typo [1,3 ; 2,‘’r] j_^^3_i+2i+3 
k-l-n-t of tho typo [i,i+2 ; i+l, i+3]223. 
and t-m of the type [l,3,i,r+2 j ] 

Few considering 2 boxes at a time say 
(Cl, Cl) nnd (Gi,C^), the combinations which give more than one 
possibilities for s.c.t, edges are 
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[1,3 y T 4-1 t 4 . 0 t r •:? and 1 1,3 ,* 2.<^1 

ii+li+2i+3 L rj^^^3_^^23+3 

[1,1+2 ; i+1, i+3];j_23< U,0+2 ; 2+1, 0+31^234 

^i.nd tho n\ia'ber of possibilities for tio “liird box is citner 


Ah-K nr- A (4) 


2(6) ■^^2(1) ^^2(2) depending jipon felio choice of 

C. and 0 . 

1 3 

Totally for tins parti oiilar t,n and u ve hare 

l(4) ,(4) 

Ic-l-t-ntr-n) S+nCn) onoicss wlicra 

n varies fron 0 to r 
m varies fron 0 to t 
t varies fron 0 to k-l-r. 


So, 

(4) _ 


k-l-r 


IX' 


4'r) - ^ ^ % iV 4;i-t-n(r-n) 4in(n) <5.51) 

n=0 


and substituting, 
- z(4) 


<p(t,n,n) = Ai:!{_t_n(r-n) 4il(n) 

Wo have 


n k-l-r IT t . / , T 

.(4) ""C! T' 

^k(r) ^0 ^ n=0 


(5.52) 


and total contribution for s.c.t. digraphs fron k cycles of 
length 4 is 
k 


/\(+) • 

r ^k(r) 


gk V “Cl_ A, 

r=0 


Hcnco the lemca 5.3. 


(5.53) 
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(2 i!;. ) 

let denote the contribution Iron Ic^ c;*clec of 

length 2 and k 2 cycles of lengtii /r, for a, 
pnr Cl culir choice of edges fror 2— c'^clcs md 
r right fis^d and left fixed edges fren 

'r-c3/-clos . 

lemia 5 . 

The contribution frou k, cycles of length 2 ixid i: 


aycles 


of length d towards s.c.t. digraphs is 
k. 


k 2 ^+k 2 ^ 2 ^ 

2 izo ^i.k2(r) 


( 2 . 54 ) 


xhiere 


.(2,4) 

^^k^,k 2 (r) 


IS given by 


a(2,4) 


^ 1~1 Q k 2 -r r 

y=0 x=0 ^ s=0 ® 


|^a(x,y,s) b(m,n,s) + C(y,z,s) d(t,l,s) - a(x,y,s) C(y,x,s)j“ 


where 



(5.55) 

— A (2,4 ) 

•‘^k^-l-y, k2-z-r(r-s) 

(5.56) 

S °° -^.wics) 

(5.57) 

4!ii3{3) 

(5.58) 
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d(t,I,s) = X 1 t "L . 

t=0 1=0 l-y,k2-x-s+u(r-s) 

Proof 


The procedure- is exactl3r the c: 
cycles of length 2. 


.:3 C.3 m 


iTJ -h* 

W « ft-O <-/ JO 


Consider r> cycle of longfi 2 and a cyolo of h-. 

let C^ = (12) C^ = (5456) 

(12){3-;56) glvss (12 + 21) (L^]j,+ L6 ]i+ Lg],,) 

(13 15 + 2v 26) (31 51 + ;2 62) 

(14 16 + 25 23) (41 61 -}- 52 32) 

Case 1 


Suppose that we have chosen 

3 2 

l-53p (there are 2 such choices). 

Por the box (C^,C 2 ) xfe have 3 different choices. They are 


[1,3,5 ; ] 

[1 ; 

[3,5 i ‘t f ^ ]p2 

Proof IS sinilar as in the case of 2-cycles. 
Case 2 


Consider now the edges 

12 “I [gJs 

Por the box (0^,02), we have 3 choices. 
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liioy are 

L ^ 2, p , 6 ] 

[1 ; 

[ 3,5 ,• v , 6]^2 

Vith the above notation 

(2,4) (2,;) 

'‘1,1(0) “ ^ ''1,1(1) ■ 

So, the total contribution fron 2 cycles one of length 2 
and one of length -r is 


//\(2,4) , A \ ^ i-r ) \ _ P’ 

^ ^""1,1(0) ^ ^l,l(lp “ 

low, consider cycles of length 2 and k 2 cycles of length 


( 2 ,.) 


Choose k^^ edoQS fron 2-cycles , and r right fized and 
k 2 r left fixed edges from .-cycles. 


ilow consider a general Si.tuation for the first row 
k^+k2-l boxes are divided into nany parts as beloxj. 

Suppose y of the k^-1 arc of the type 
[ 1,1 j ] or [1 ,• 

a,nd k^-l-y are of the typo i_i j i-rl]^2 or [ f 2 , i+l]. 


And out of k 2 -r 

X are of the type [l,i,i+2 ,* j or [1 ,* ^l±x+2.1+2±+3 

and k 2 “r-z are of the type [i,i+2; i+l,i4-3]2^2 

and out of r say 
s of then are of the type [’1 / 


10 ^ 


and r-s arc of the type [1,1+2 ; i+l,i+3]^2 I » 2,i+l,i+3'i 
I'low there are 2 cases to discnss. 

OaSG 1 

If at least one hex in fchc firsc ro-- is of tao iom 

[1,1 ,* ] 

then all k^-l-y hexes shwUld he of ...c oype [i*, ,i+ll2_2 
ond all r-3 boxes arc of ch^ forri [i,i+2 ,• i+l,i+3]^2 
n of rhe x boxes ore of tnc bype [1 ,• 2 

n of the y boxes are of the t3rpe [1 ,• 

So totally in the first ron ne have 
It^-l-y elenents of the type [i ,* i+l]2_2 

n elements of che type [1 ,* 

y-n elements of the type [l,i ,• ] 
n elements of the typo [1 2]^^^^^^2i+3 

x-m elements of the type [l,i,i+2 ,♦ ] 
s elements of fcne type [1 ,• 2j^^_j,2i4.2i+3 
r-s elements of the typo [i,i+2 ; i+l,i+3]22 

/ 

k2-r-x elements of the type [i,i+2 i+l,i+3j22 

1 • ^ 

k^-l-y elements are of the typo [i ,* i+l]j^2 

n elements are of the typo [1 ; 2j^^_j_2. 

y-n elements are of the typo [Iji f ] 

m+s elements are of the type [1 ; ^3-ji+ii+2i+3 
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x-n elenents aro of the type [1,1,14-2 ,* ] 
h^-x-s elenents are of tnc type Li,i-^2 i+l,i-r3 


J12 


00, ve gcu 


C '^2,.) (2,,) 


(5.60) 


'Oho 1C os. 


Op.s 0 2 


If at leo.st one olonont 1x1 1 ho:: in fcne first ro;* is 
of the fom [ >2, i-fl]. Then, all t.io y elenents in t'lo 

boxes should bo of the type ll ,• 21 . - 

^■c L j -'11+1 

all X elenents in the boxes snould be of tnc tyne 
1-^ * ^ -"I ±1+114-214-3 

have 

k 2 -x-r elenents of the type (_i,i+2 / i+l,i+3]^2 
and s elenents of the type [1 ,• ^] 2 .x+i x+2-t+3 
let t of the k^-l-y be of the type j_i ,* i+l]^2 
o,nd 1 of the r-s bo of the type [1,1+2 ; i+l,i+3]j^2 
So in all in the first rov ve have 
y elements of the typo [1 ,• 2]^^^-, 

kj^-l-y-t elements of the type [ ,• 2,1+1] 
t elenents of the type [i ,* i+l]2_2 
X elements of the type [1 ; ^]ii+ 114- 21+3 
k2“X-r elenents of the type [1,1+2 ,* i+l,i+3]2_2 
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s Glencnts of tLo type [1 2 21 - 1-3 

L elenonts of tlio type [_i,i+2 :L+l,i+ 3 j ^2 

r-s-L el Clients oftlio type [ ; 2, i+l,i+3] 

That IS , 

y elcuents of the type [1 ; 

k^-l-y-t olejaeiits of tnc type [ ; 2 ,a+l '5 
t olcnents of tho type [i i+l].j 2 

x+s eleiients of tho type [1 ,• 

k 2 -x-r+L eleronts of tho typo [ 1 , 1+2 ; x+ 1 , 1+3] 12 
r-s-L elenonts of tho t3?pe [ ,* 2, 1+1, 1 + 3 ] 


So finally \to get 


- 1 -; 


t=0 


1""-“^C^ r-s^ ,(2,-^)_ _ ,(2,4) 


5o 4,x:s(s) 4 J2-^-r+L(r-s) ^5.61) 


Qholcos for the rcmoining rovrs. 

Fron (5.60) and (5.61) for a pa-rtlcular y,z and s tho contri- 
bution Is 


( 2,0 


/ A in; ■ - / N 

y/C yrO "^k^-l-y,k2-x-s(r-s) "li,n+s(s) 
n=0 n=0 


+ ^ ^ ^4»x+s(s) ^4,k2-x-r+L(r-s) 

t=b L=0 


The tern 


,( 2 , 4 ) , ^ .( 2 . 4 ) 

■^k^-l-y , k 2 “X-r ( r-s ) V » x+s ( s ) 

subtract it from the summation. 


Is counted twice, so >7e ccm. 



Now s v-ries fron 0 to r 
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X vanes fron 0 to k2-r 

y varies fron 0 to k,-i 

1 

So the total contribution to ^ 

= T ^ y r: ^ y 

y=o x=o s=o 


(r) 


X3 


2,4 ) ^ y 

’\~l-y,k^-x-T(r-s) J 


. 2 -^-inx-o; ^ n "n n,"n+s(s) 

n=0 n=0 


A (2,‘r) 


■^i“'^'“y k — 1 V X— s 

4144. . X 


"■y,z+s(s) 


t=0 


L=0 


(2,4) 

1 ""k^-l-y,k2“X-s+l(r-s) 


n f 

'-^T J.J.T 


_ /^ ( 2 > -r ) , ( 2 , -r ) 1 

'y,s+s(s) I 

And noTr substituting 

. (2,4) 

a _ -‘-i5;^„2.-y,k2-x-r(r-s) 

y X (2,.,) 

b{n.n,s) =X °n X 4'i,i.+s(s) 

11=0 n=0 


(5.62) 


=(y,x,s) = i^f4i(s) 
k^-l-y 


d(t,l,s) =2 2 

1^=0 ]j=0 


n A ( ) 


i ■‘^k^-l-y , k 2 -X“S+l ( r-s ) 


So, (5.62) takes the fom 
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.(2,4) 


ICj-l 


r n T 


a(x,y,s) ^D(n,ii,s) + c(z,y,s) d(T:,L,s) - a(x,y,G) c{x,y,s) 


Total contributioa froG -= i 

*1 ^ ^ - ' 

le-igtii s- iG 


(5.53) 


£; a-ia cyoios of 


l^l+ko 1^2 

2 T ^2 /^2,,) 

r =0 


( 5 . 6 ^) 


HencG tliG iGiGia 5 .' 


iienna 5.5 


OyclG of iGiigth 1 does not contribute a-iytliii- 


y tiling indepen- 


dently witli a cycle of lengtli 2 or a cycle of leng'cli 


Proof 


This can be easily proTGd. By lennr. 5.5 if the 


pernutation 

p = (1 2 ^ 4 ^ ) = 0 or 1. 

Then the contribution to s.c.t. fron p is sarnu as fron the 


permutation 


Oo 0/ ’3r 

a = (2 ^ 4 6 ^ .... ) 


Prom lemma 5.2. The contribution is independent of the 
lengths of the cycles, if the cycle is of length greater than 


2 


1G9 


a = 


Hence contribution to s.c.t. di~r- ohs Iror. 

J 2 ^ 3 ^ 3 g 

^ )is Sane -s froi: tno oernutnt: 


Y = (2 


where 

\ = O 2 = 3 ; + Dg + D3 + 

Thooren 1 

The nmoher of self conplencnt cry trrnsitivo di^ripn of 
order p is 


X 


* a 6 S 


T(a) 


(5.65 ) 


P 


(“ Vl-r + 4 "’ 


where 




92 ( 21 ) 


_ ", ( 2 ) 


n=0 


- 1 - 1 ' 1 T 

X a 


"(2) .(2X 

" 4c ^- l-r "tr ^ 

( 5 . 66 ) 


(5.67) 


(2) 


for a = 2 


m=0 


! r ( a ) 


k2 

3^2 3^2 


^ r „ k2 - l-r , 


2 0 n 

T—0 r n=0 


X °nl 

x=0 


X X ^^21 9 ( 21 » a » x ) 
12=0 ( 5 . 68 ) 


vhei-e qiCm.z.n) = "V 


( 5 . 69 ) 



and 

where 


Hu 


a = (-T 6 ) 32i(i k - X- 

i-;,6.. 

and if ^ 0 and k2 i 0. 


T(a) = 2 £“2. Ap'v\. > 

r=0 '"r 


where 


^k^,k2(r) 


^1 ^ k.-r , ^ 

s=0 


= X 

y=o 


y X 

x=0 


^a(x,y,s) TD(in,n,s) + c(x,y,s) d(L,t,! 


.(x,y,s) c(x,y,s)j 

(7(5.70) 


where 

a(x,y,s) 

^(laynys) 


a(2,4) 


h^-i-y » ) 


X 


(2,4) 




<={A',y,n =4fi«{s) 

h-i-y k,-i-y 

d(t,L,s) = 

t=0 


(2,4) 

•t X ^^k3_-l-y,k2-x-s+L(r-s) 

L=0 


Proof 


Proof follows fron lemiaas 5.1, 5.2, 5.5 and 5.4, by 


Substituting 

ki = ^2 ^2 ^4 ■*■ ^6 ^8 


Waen 


oc = (l' 


“l 0^2 ,3^ 


in 


) 


The n-umbers oi self co 1 . 1 pleoc 11 t 3 .ry tr^^jasi cxvo digraphs upro 
P 17 Q.re ccl culci bed. ond. ere listed beloir. 


p 

1 2 

3 

. 5 6 

7 8 S 

1: 

11 

s.c.t. 

digraphs 

1 1 

1 

3 

3 7 

7 17 17 

dl 

41 

P 

12 13 

Ih 

15 

16 

17 



s.c.t. 

digra.phs 

99 99 

239 

239 

577 

577 



Diagran 

±‘or s.c.t. 

“cTigrr 

plis 01 ordar 

~ 5 “ IS a§“in 

Pig 

.- 5 ^ 1 - 


By using tlie sane procGdure, one crii slior tnit the 
nunber of s.c.t. oriented graph is unity xor any order of 
p. Ihis result is proved using a different i,rgunent in [25]. 
¥e can ea.sily sliou that the degree sequence of s.at, oriented 
graph in 11 be 

(p-1,0), (p-2,1) (p-3,2) .... , (l,p-2), (0,p-l) 

So the autonorphisn group of a s.c.t. oriented graph consists 
of only identity pernuta,tion. So, the niriber of ways of 
labelling s.c.t, oriented graph of order p is pi. 

5.2 Eulerian Ira-nsitivc Digraphs 


Theorem 5.2 


There is only one transitive eulerian digraph of oiTder p 




Proof 
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An cnlerian digraxA is o wcclily comioctcd iooyrijA. 
Tho dcsroo soquencG of ma isocraph of order p is 

^^1'*^!^’ » 0<k^,k2, •• 

¥g j-irst shov tnat tlic decree soquonce of an oalori'- 
digraph is 


'P'^ 
cr-’^isitiT 


(k,k), (k,k), (k,k), (k,k) j<k p-1. 

Considor two adoacont vertices u and v witn dcoroc (k-, ,kn ) 
and (k 2 ,k 2 } xdierc ^2' 

let k^^ ^ ^ 2 * o^d suppose tii.,t uv is an odge, o,nd arc 
Gd^,GS for 1 = 1,2,5, .... k^. I'or a transitive digraph we 

should have edges uw^ i = 1,2,5, k^, since uv is cn 

This inplics tnat u has at least k 2 out degree. But 
kl < k 2 xfhich is a contradiction. Si iilarly we xjill have a 
contradiction if we assuiie the edge vu exists. So u anri v 
"both have degree (k,k). 

How since eulorian digraph is weakly connected^ ’fS can 
continue the process to all vertices. 

So wo have the degree sequ-enco of an euleriaii transitive 
digraph as 

(k,k), (k,k}, (k,k), ....... (k,k), where 0<k^p-l. 

Kow wo show that the only value that k csin take is k = p-1. 
Suppose that it is not. Then there exist a.t least two vertices 
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u and V such, that uv is an edge but not vu. loncid^r 'Ghc 
edge uv and the edges vw foT* i = i p v 

2 L m m m m x-*.# 


Since the digraph is trrnsi civc, 


u-u for 1 = 1,2,3, 


should also be edges of the digrapn. fhcrexoi.. uthe cutaegree 
01 the vertex u is at least lc+1 Trnich is c contr: diction. 3e 
uhe degree ocguence of ■>n culcrian transiiive .liemh lo 


(p-1, p-1), (p-l, p-i), (p-l,p-i), (p_l, ~_1). 

which IS a conplete digraph. 

5.3 Hanilfconian Transitive Digrn,ph 
Theoron 5.3 


There is only one transitive hcuiiltonian digr-^ph of order 


P. 

Proof 


... liaEiiltonian digraph contains a spanning directed cycle. 
Lot C be a spanning directed cycle of a digraph D. Denote its 
vertices by v^,V 2 ,v^,v, , .... v^. Lot 


C 


V-, ,VtVo,Vo,VoV.2,V^,V,Vi , V -.V ,V .V V-, . 

1» 12 * 2 * 2 3» 3 * 3 4 * p-l p» p»''p 1* 

Now wo will prove that for any two vertices v. and v. both 

^ 3 

v^v^. and are edges if wo inposc the transitive property'-. 

Start with v^. ¥o have ^ 2^2 ^"^^3* ® transitive 

"*^1^3 edge in D. ¥0 have v^^v^ and L is transitive 

implies that VtV, is also an edge in D. Proceeding in this 
way we have all the edges 
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"V* 'V* — l>55'"rj5y #••• 

Sixiilarly wc can prove that 

for k = I,3j4y5 5 ..• P nrc ::d^cc of D. 

v^v, for k = li,2,-'l-,5, ... P ere edges ox D, 3cc. 

3 k 

Tliorofore, c-dgos. f-ot ic, D ic a 

conplotG digraph. licnc ; a hcriltonian trails irivo aigra^j..* 
of ui-dcr p IS a conplctc digraph of order p. 
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